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k.  BiGKGBQUWD 

cztflnsien  of  Tohioolar  parfoxaano*  to  groater  Tolooities,  altitudes 
uid  rangae  generallj  requires  utilisation  of  Ulster,  more  flezibie  struoturee 
and  lew-aspeet-ratisy  elendsr-body  configurations*  Current  design  trends  are 
also  direoted  toward  reducing  factors  of  safety  for  both  Banned  and  luiBanned 
Tohloles  in  order  to  obtain  desired  perfozaanoe*  The  design  trends  noted  are 
suoh  as  to  increase  the  iaportanoe  of  dynaalo  loads  incurred  by  aulyanced  vehlclt 
Therefore,  it  is  laperatire  that  dynanic  loading  conditions  and  govemlng 
paonaaeters  be  detemined  and  that  existing  prediction  nethods  be  assessed  for 
adequacy  and  applicability. 

Althou^  it  is  recognised  that  any  proposed  configuration  will  have  unique 
dynanio  load  problens  that  cannot  be  solved  in  advance  by  general  studies,  a 
ooBplate  study  of  a  selected  vehicle  will  point  out  those  areas  that  are  apt 
to  be  most  critical  for  the  iype  of  configuration  considered*  Therefore,  the 
vehicle  eonflguration  and  nissien  profile  described  in  Appendix  A  are  chosen 
as  being  representative  of  advanced  boost  glide  vehicles*  The  significant 
characteristics  of  the  configuration  ean  be  suBBarised  by  stating  that  a  Banned 
glide  vehlole  is  boosted  into  a  once  around  orbit  bj  a  two»stage  liquid  fuel 
booster*  Thus  the  preblsB  areas  to  be  considered  range  froa  prelaunoh  loauis  to 
landing  or  recovery  loads,  Aiid'the  ef foots  of  vehicle  characteristics  such  as 
flexibility,  fuel  slosh,  and  control  syates  paraaeters  are  to  be  investigated* 

Beoause  of  the  large  scope  of  the  study,  the  report  is  divided  into 
sections  ^loh,  as  far  as  practicable,  are  independent  of  the  naterial  in  the 
other  seetions*  In  oases  where  necessary  detailed  develofBents  would  interrupt 
the  SBOoth  presentation  of  the  aaterial,  these  developnents  are  presented  as 
Appendices* 


B*  SCIMARY  OP  mgnTT.TS 

1*  GHiaAL  RESULTS 

The  Bajor  results  of  the  entire  study  are  suBBarized  in  this  section  and 
are  given  by  aeotlon  as  they  occxir  in  the  body  of  the  report.  Since  the  study 
is  priBarily  oonoemed  with  an  evaluation  of  Bethods,  the  Bagnltude  of  the 
answers  is  of  secondary  iaportanoe,  especially  where  deficiencies  exist  in 
criteria  or  experiaental  data.  Bone  the  leas  it  is  desirable  to  Bake  some 
ooBpariaons  as  to  the  relative  criticality  of  various  loading  conditions. 
Therefore,  the  susBary  curve  of  Pig*  I-l  la  presented  to  show  bending  Boments 
arising  ftoB  different  loading  conditions  along  the  trajectory,  based  on  the 
best  available  environBental  descriptions*  It  is  evid«it  that  wind  shear  and 
gust  loads  during  boost  cause  the  largest  loads  * 
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PRELAMCH  LOADS 


The  prelaunch  loads  considered  are  those  due  to  ground  wind  and 
ground  shock.  The  ground  wind  studies  include  both  discrete  gust  and 
random  turbulence  criteria.  The  random  turbulence  studies  in  general 
produce  lower  loads  than  those  in  which  critically  phased  discrete  gusts 
are  considered.  The  oscillatory  loads  due  to  vortex  shedding  caxuiot  be 
accurately  predicted  because  of  the  lack  of  information  describing  the 
forcing  function;  hence  only  an  illustrative  example  is  shown.  The  loads 
due  to  a  typical  ground  shock  have  been  calculated.  The  shock  spectra 
method  used  to  determine  ground  shock  effects  is  quite  conservative  since 
the  absolute  values  of  the  maximum  load  responses  in  each  mode  are  added 
directly. 

3.  LAUNCH  LOADS 


The  laimch  loads  considered  are  transverse  loads  due  to  a  sudden  re¬ 
laxation  of  hold-down  restraints  and  axial  loads  due  to  thrust  initiation. 

The  maximum  transverse  bending  moments  increase  when  the  delay  time  in 
activating  the  control  mechanism  at  release  is  increased.  The  addition  of 
hi^er  modes  (above  the  second  mode)  in  the  analysis  has  a  small  effect  on 
the  transverse  bending  moments.  The  inclusion  of  nozzle  inertia  with  a  re¬ 
fined  control  law  has  no  significant  effect  on  the  transverse  bending  moments. 
A  procedure  is  suggested  for  estimating  axial  loads,  and  the  maximum  accelera¬ 
tion  of  the  glider  encountered  during  thrust  initiation, 

4.  BOOST  FLIGHT  LOADS 


The  dynamic  loads  experienced  during  boost  are  the  most  critical  en¬ 
countered  for  a  large  portion  of  the  structure.  Loads  due  to  wind  shear, 
discrete  gusts,  and  continuous  random  turbulence  have  been  determined;  and 
the  effects  of  control  system  representation,  structural  representation  and 
fuel  slosh  have  been  studied.  The  effects  of  variations  in  some  of  the  con¬ 
trol  system  parameters  and  glider  lift  curve  slope  on  loads  have  also  been 
determined. 

The  maximum  bending  moments  are  produced  by  the  wind  shear,  althougji 
discrete  gust  loads  are  nearly  as  severe.  Solutions  have  been  obtained  using 
a  digital  program,  incorporating  time-varying  coefficients  and  using  an  analog 
program  incorporating  constant  coefficients.  The  parameter  studies  have 
been  conducted  on  the  analog  computer, 

A  veiy  simple  control  system  representation  is  shown  t»  be  adequate  for 
the  dyneunic  load  studies,  but  a  more  refined  representation  is  required  to 
determine  the  stability  boundaries.  A  method  of  determining  the  control  gain 
settings  required  to  give  a  certain  frequency  and  damping  in  pitch,  including 
the  effect  of  flexibility,  has  been  developed  (Appendix  D).  Structural  re¬ 
presentations  ranging  from  rigid  body  to  three  flexible  modes  are  considered; 
two  coupled  modes  are  completely  adequate  in  this  study.  For  some  purposes 
it  is  sufficiently  accurate  to  use  only  one  beam  mode  or  to  assume  static 
deformation  of  the  stiructure,  A  simplified  method  using  an  assumed  mode  shape 
has  also  been  developed  which  may  be  accurate  enough  for  preliminary  estimates 
of  bending  loads  (Appendix  E),  Fuel  slosh  response  due  to  wind  shear  is  large., 
but  the  effect  of  sloshing  on  the  vehicle  response  is  negligible.  Bending 
loads,  during  boost,  are  quite  sensitive  to  the  glider  lift  curve  slope, 
There.fore,  improvement  in  the  knowledge  of  the  aerodynamic  forces  will  allow 
corresponding  improvement  in  the  accuracy  with  which  bending  loads  may  be 
determined. 
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5.  STAOIirO 

The  most  sersre  loading  oondltion,  resulting  from  the  staging  process, 
ooours  at  the  Instant  of  start  hum  of  the  succeeding  stage.  This  condition 
is  eritleaJ.  in  the  extreme  ease  of  full  rectoring  of  the  engine  nozzles  to 
maintain  a  programmed  attitude.  The  pending  moment  calculated  for  this  condi¬ 
tion  is  of  such  a  magnitude  (0.2  x  10°  In-lbs  at  the  mass  center)  that  no 
serious  load  problem  is  expected  from  a  staging  process  within  the  capabilities 
of  the  Tehiele  to  maintain  its  stability.  It  appears  that  the  real  problem  in 
staging  is  one  of  central  to  maintain  stability,  rather  than  of  load. 

6.  RE-HITRY 


During  re-entry  the  rehlcle  is  subjected  to  elevated  temperatures, 
maneuver  loads,  and  atmospheric  turbulence.  Althou^  elevated  temperature 
effects  constitute  a  serious  detailed  design  problem,  only  the  effect  of 
temperature  on  material  properties  is  considered  significant  in  this  study. 
The  maneuver  loeuls  which  mig^t  occur  at  elevated  temperatures  are  more 
critical  than  loads  due  to  atmospheric  turbulence. 

7.  LABDIlfG  AM)  RECOTHtY 


The  lower  bound  of  the  maximum  deceleration  that  a  vehicle  is  subject 
to  upon  landing  is  dependent  on  the  square  of  the  relative  veloel'^  normal 
to  the  landing  surface  at  the  instant  of  contact,  and  it  is  for  this  reason 
that  the  design  of  a  parachute  and/or  air  brake  bo  included  in  the  recovery 

system. 


The  lower  bound  of  the  maximum  deceleration  is  inversely  dependent  on 
the  mart  mum  relative  deformation  normal  to  the  landing  medium  (land,  water,  etc) 
of  the  landing  gear  or  medium  (water,  etc)  which  takes  place  from  the  instant 
of  contact  to  that  instant  when  the  relative  normad  velocity  has  been 
reduced  to  zero. 

A  priori  no  upper  bound  on  the  naximun  deceleration  can  be  plaoed,  but 
it  is  estimated  that  by  proper  design  of  the  landing  mechanism,  the  decelera¬ 
tion  should  not  exceed  twice  the  lower  bound. 

The  procedure  outlined  in  this  study  should  prove  adequate  for  investigating 
the  loads  which  result  from  a  conventional  landing  approach  on  either  laind  or 
sea.  In  particular,  the  treatment  given  for  solving  nonlinear  landing  gear 
problems  can  be  easily  extended  to  the  rational  analysis  of  complex  lending 
gear-glider  systems. 


C.  OOMCLUSIOMS  AITD  AHEiS  TOR  FUTURE  RESEARCH 

Whan  embaxking  upon  a  general  research  study  such  as  the  one  reported 
herein  one  is  always  hopeful  of  bringing  together  the  needed  data  and  analyses 
to  reduce  the  probloi  to  a  routine  operation.  However,  as  is  the  ease  in 
this  study,  the  end  product  all  too  often  is  a  greater  appreciation  of  the 
problems  yet  unsolved.  Therefore,  the  following  remazks  are  made  concerning 
the  results  of  this  study. 
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1.  Even  during  the  time  that  this  contract  was  being  carried  out,  the  concept 
of  an  "advanced  vehicle"  changed  significantly.  Therefore,  caution 

must  be  exercised  in  applying  the  results  to  different  configurations. 

2.  Control  system  parameters  are  found  to  have  an  important  effect  on  loads 
and  a  more  important  effect  on  stability.  On  larger  boosters  with 
lower  structural  frequencies,  adaptive  control  systems  may  be  necessary 
to  insure  stability.  It  is  important  that  these  systems  also  be  analyzed 
for  transient  load  responses. 

5.  The  nature  of  aerodynamic  forces  acting  on  vehicles  in  the  launch  position 
is  not  at  present  understood.  This  is  strikingly  demonstrated  when  one 
examines  recent  test  results  which  show  that  very  minor  configuration 
variations  change  base  bending  moments  very  significaiitly.  More 
experimental  and  theoretical  research  is  needed  to  gain  insight  into  the 
basic  problems  before  analysis  is  justified. 

4.  Methods  of  computing  unsteady  and  quasi-steady  aerodynamic  pressure 
distributions  need  to  be  improved  for  wing-body  combinations  such  as  the 
one  studied.  It  is  questionable  as  to  what  degree  of  mathematical 
complexity  one  should  consider  the  problem  when  the  basic  forcing  function 
can  only  be  estimated  crudely. 

5.  Modeling  of  a  tandem  arrangement  of  circular  cylinders  and  flat  plates, 
a  typical  idealization  of  the  type  of  vehicle  studied  herein,  presents 
complex  but  not  insolvable  problems  in  elasticity  and  computer  technique. 
However,  vehicles  having  clustered  cylinders  or  unorthodox  shells  present 
quite  formidable  problems,  not  only  in  the  two  areas  mentioned,  but  also 
in  opening  the  door  to  three  dimensional  dynamics.  Research  into  the 
three  dimensional  dynamics  of  complex  vehicles  might  be  warranted. 

6.  In  view  of  the  large  loads  generated  by  both  wind  shear  and  gusts, 
continued  effort  should  be  made  to  establish  rational  criteria  for  these 
environments.  Particular  emphasis  should  be  given  to  methods  of 
combining  loads  due  to  these  effects. 

7.  The  use  of  analog  computers  makes  possible  the  solution  of  complex 
nonlinear  dyxuuDic  eqxiations  which  could  not  be  economically  solved  by  axiy 
other  method.  Phrther  applications  of  differential  analyzers  and  direct 
analogy  computers  to  dynamics  problems  is  suggested. 

8.  In  considering  the  results  of  this  study  for  design,  one  must  recognize 
that  a  possible  mode  of  structural  failure  is  fatigue.  The  dynamic 
loads  calculated  in  this  study  could  be  useful  in  arriving  at  estimates 
of  fatigue  loading. 

After  the  vehicle  is  erected,  but  prior  to  launch,  significant  fatigue 
leadings  are  caused  by  ground  winds.  These  are  due  to  a  combination  of 
cseillatery  lift,  oscillatory  drag,  and  quasi-steady  drag' ,  as  discussed 
in  Section  II.  The  time  that  a  vehicle  is  in  this  prelaunch  condition 
will  most  likely  be  much  longer  than  the  time  during  boost  or  re-entry 
and  therefore,  will  result  in  a  much  greater  number  of  occurrences  of 
varying  loads. 
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Tot  th«  glldar,  rc-antXT  and  dasoant  will  b«  of  aajor  conoam  fron  a 
fatlgua  standpoint.  Tha  ooeurranoa  of  nanaurara  and  turbulanoa  in 
oonjunotion  with  alaratad  struetural  tenparaturas  oan  ba  raxy  datriaental 
to  atxuotural  lifa.  Whan  rorying  loads  oceur  during  tha  tiaa  of  high 
struotoral  tMiparaturaSt  ratas  and  durations,  as  wall  as  intansitias,  of 
loadings  oan  bs  significant.  Tha  problast  baeoaes  mch  aora  complex  than 
in  other  portions  of  tha  fli^t,  because  of  the  interaction  effects  of 
fatigue,  creep,  thermal  stresses,  thermal  cycling  and  varying  physical 
ltd  mechanical  properties  of  the  structural  materials. 

It  appears  that  tha  most  critical  sources  of  external  loadings,  from  a 
struetural  fatlgua  standpoint,  are  ground  winds  during  pralaimc^, 
atmospheric  turbulanoa  and  manauvars  during  re-entry.  Earthquake  and 
ground  shock  loads,  launch  loads,  staging  loads  and  landing  loads  appear 
to  ba  of  secondary  importance. 
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II*  ERBIAUNCH  LOADS 


▲  .  g£NSR4L  D13CD3SION 

Consider  a  fully  loaded  vehicle  ready  to  be  launched  in  the  near 
vertical  position.  Some  of  the  loading  conditibns  associated  with 
prelauach  result  from  ground  wind,  ground  motion  of  the  vehicle  supporting 
structure  and  the  noise  enviroziment  due  to  the  rocket  engines.  The  first 
two  loading  conditions  have  been  examined  in  this  study  with  the  major 
effort  on  ground  wind. 

The  ground  wind  loading  condition  is  divided  into  loads  due  to  ground 
wind  steady  drag  and  loads  due  to  vortex  shedding  which  produces 
oscillatory  loads  in  directions  both  parallel  and  perpendicular  to  the 
flow*  The  loads  due  to  motion  of  the  ground  resu^-ting  from  shock  and 
earthquakes  are  considered  briefly. 

For  the  first  part  of  the  ground  wind  drag  studies  the  vehicle  is 
considered  cantilevered,  while  for  the  second  part  a  flexible  base  which 
allows  rotation  only  is  considered* 

For  most  of  the  pai'ameter  studies  a  discrete -type  input  is  used* 

However,  it  is  possible  through  analog  techniques  to  generate  a  wind  which 
is  random  in  nature.  This  type  of  wind  is  considered  more  realistic  than 
the  discrete -type  wind* 

Due  to  the  lack  of  exact  analytical  methods  to  determine  the  forces 
due  to  vortex  shedding,  only  a  rough  estimate  of  the  responses  has  bean 
determined  for  one  case. 

In  all  cases,  except  the  random  wind  studies,  the  measure  of  response 
is  bending  manent*  In  the  random  wind  studies,  the  best  measure  of  response 
is  dynamic  magnification  factor,  which  is  defined  as  the  dynamic  bending 
moment  divided  by  the  static  bending  moment. 


B.  WIM)  PRIG 

Design  winds  in  the  past  have  usually  been  si>eoified  by  the  governsiant 
(83)  to  consist  of  a  steady  wind  plus  a  gust.  The  magnitudes  have  varied 
depending  upon  site  location  and  periods  of  exposure.  One  characteristic 
of  the  specified  wind  is  that  the  maximum  gust  velocity  is  usually  30^  of 
the  steady  wind  velocity.  Thus  the  specification  and  60-9O  are 

common  specifications  which  give  the  steady  wind  velocity  and  the  steady 
wind-plus-gust  velocity  respectively.  Unfortunately,  the  specifications  do 
not  indicate  either  the  gust  shape  or  period. 

For  this  study  two  approaches  are  used*  One  approach  considers  the 
wind  as  a  steady  forty  mph  plus  a  one  minus  cosine  type  gust  with  a 
magnitude  of  twenty  mph  superimposed  on  it.  The  second  approach  considers 
the  wind  variation  to  be  random  in  nature  rather  than  discrete.  The  vehicle 
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is  subjeotsd  to  a  randda  wind  in  which  the  level  of  turbulence  is  adjusted 
to  give  a  peak  value  of  approximately  sixty  mph  every  five  minutes*  The 
results  are  then  interpreted  with  the  aid  of  statistics*  The  philosophy 
of  the  random  wind  criteria  is  discussed  in  detail  in  Appendix  F* 

For  both  approaches  the  effects  of  Including  higher  modes,  damping, 
base  flejilbility,  and  linearizing  the  generalized  forces  are  examined*  In 
addition,  for  the  discrete  case  only  the  effects  of  neglecting  gravity  and 
the  effects  of  vehicle  misalignment  are  examined* 

In  all  oases  the  vehicle  is  represented  by  the  vehicle  beam  modes* 

The  vehicle  is  oonsidsred  attached  at  station  I636  and  is  positioned  such 
that  station  I676  is  ten  feet  above  the  groimd* 


1.  DISCRBPH  GUST  STUDIES 


Equation  of  Motion 


Consider  the  vehicle  standing  in  the  near  vertical  position,  attached 
to  a  rigid  base  to  prevent  translation,  and  provided  with  a  linear  spring 
to  resist  rotation*  The  first  two  cantilever  beam  modes  are  used  to  represent 
the  vehiole*  A  derivation  similar  to  that  presented  in  Appendix  C  basf4  on 
Lagrange's  equation  of  motion  will  result  in  the  following  equations. 


Znx^ 

2CI^Zax^  0  0 

M 

Znx^ 

0 

•• 

^1 

+ 

0  235!^Zn4^^  0 

I . 

h} 

0 

^2 

k*  J 

0  0 

^2 

V*  ^ 

0 
0 


0 


0 

,  A  2 


r  > 

\ 

'  -  < 

\ 

S. 

(ii-i) 


where  t  fraotien  of  oritieal  damping 

t  tile  angle  of  rotatien  at  the  base  due  to  the  rotation  s]^ing 
a  t  the  mass  at  the  iM  station 

X  t  the  distance  from  the  point  of  attaehment  to  the  iti  station 
t  the  nodal  value  of  the  cantilever  nods  at  the  i%  station 
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th<»  generaliaed  coordinate  of  the  jSi  cantilever  mode 
the  frequency  of  the  cantilever  mode 
the  frequency  of  the  rotational  mode 


60, 


} 


Inertia  coupling  results  since  the  cantilever  beam  modes  are  not 
orthogonal  with  the  rotational  mode. 

The  generalized  forces  including  gravity  and  drag  are; 


where  t 


^  mg(yd  +  <■ 

l,)x  +  ^  1 

[v  -  i,  : 

Zmg(^+  ( 

1,  + 

.  f  ro„D 

V  -  q^x  . 

2 

-<’2«2] 

Xmg(^+  ( 

1, 

»<l>|q2)<))2 

^  j 

^  -  4,*  ' 

-'f'l’l  -'l>2’2] 

1^  i  the  angle  due  to  misalignment 
Cjj  ;  the  steady-state  drag  coefficient 

1)  i  the  dimension  of  the  area  transverse  to  the  flow 

\ 

As  can  be  seen  in  Bqn, (lI-2)  ,the  generalized  forces  are  nonlinear. 
For  our  study  the  term 


V  -  q. 


^1^1 


2 


»  -  2  74,x  -  2V4>^q^  - 


(II-2) 


(11-3) 


This  approximation  will  be  justified  later. 
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Bqns.  (II-l)and(II«2)are  the  basic  eqiiations  for  the  ground  wind  study. 

Sy  setting  the  appropriate  terns  equal  to  zero,  the  desired  equations  for 
eaoh  peart  are  determined. 

For  steady-state  drag,  (8l),Cjj  cylinder  isi  .55  and  Cjj  platec^  1.20  for 

high  Reynolds  numbers.  Using  these  values  for  and  the  correction  factor 

(59)  for  V,  lAich  is  shown  in  Pig.  II-l,  the  svanmations  in  the  equations  of 
notion  and  load  eqiiations  have  been  determined.  The  summations  corresponding 
to  the  terns  neglected  in  Eqn.  (lI-5)haYe  also  been  determined. 

The  bending  sonents  are  determined,  for  all  oases  in  the  ground  wind 
studies,  by  the  force  summation  method. 

Since  it  is  desired  to  determine  the  response  due  to  a  gust  superimposed 
on  a  steady  forty  mph  wind,  the  equilibrium  position  of  the  vehicle  due  to  a 
forty  mph  wind,  has  to  be  determined.  This  is  done  by  setting  the  Inertia 
terns  and  the  response-velocity  terms  equal  to  zero  and  solving  for  the 
displacement  terms. 

Cemtilever  Case 


For  the  first  part  of  the  analysis  the  vehicle  is  considered  cantilevered, 
with  no  misalignment,  and  without  the  gravity  terms.  Pour  studies  use  this 
representation. 

The  equations  of  motion  along  with  the  load  equations  have  been  solved 
on  a  differential  coialyzer.  Due  to  the  fact  that  it  is  required  to  obtain 
the  products  of  Yq^,  Yq2  and  Y^  this  system  has  to  be  solved  with  a 

differential  analyzer  which  has  electronic  multipliers.  See  Appendix  G  for 
a  description  of  obtaining  nonlinear  terms  on  the  analog. 

The  first  study  is  made  to  justify  the  approximation  made  in  Bqn.  II-5. 

As  mentioned  before,  all  of  the  summations  are  determined.  The  coefficients 
of  the  terms  deleted  are  of  the  same  order  of  magnitude  of  those  retained; 
therefore,  it  is  only  necessary  to  show  that  the  products  4^42i  4i  >  42^*^ 

small  with  respect  to  the  products  y4j,  ^h.2^  seen  in 

Table  II-2,  this  is  true  and  deleting  these  terms  is  justified. 

TABLE  II-l 


Maximum  Measured  Responses 
Maximum  Wind  Speed  —  88  FPS 


Forcing 

Frequency' 

y2 

’l’2 

4/ 

CM 

CM 

^0* 

1  ops 

77^. 

508 

20.24 

.805 

12.25 

.0529 

2.5  ops 

77^. 

202.4 

79.20 

2.07 

5.29 

.81 
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The  second  and  third  studies  are  made  to  evaluate  the  importance  of 
the  number  of  flexible  modes  and  the  importance  of  gust  phasing  on  the 
dynamic  response.  The  results,  illustrated  in  Pig.  II-2,  indicate  that 
the  major  portion  of  the  response  is  in  the  first  flexible  mode,  and  the 
maximum  base  bending  moment  occur*  when  the  frequency  of  the  gust  is 
equal  to  the  frequency  of  the  lowest  cantilever  mode  of  the  vehicle. 

In  the  fourth  study  the  effect  of  structural  damping  on  the  response 
is  detemined.  Pig,  11-3  indicates  that  damping  has  little  effect  on  the 
bending  moment  for  a  discrete  input. 

Plexible  Base 

Since  in  actuality,  the  vehicle  might  be  spring  suspended  for  protection 
against  earthquakes  or  atomic  blasts,  let  us  consider  a  flexible  base.  The 
base  springs,  which  allow  rotatibn  only,  are  chosen  so  as  to  yield  base 
frequencies  of  l/4,  1  and  4  cps. 

The  equations  of  motion  along  with  the  load  equations  are  solved  on 
the  differential  analyzer  using  a  method  similar  to  that  used  in  the 
cantilever  case.  The  base  bending  moment  is  the  only  load  deteimined. 

The  effects  of  a  flexible  base  can  be  seen  in  Pig,  II-4,  This  figure 
indicates  that  the  maximum  base  bending  moment  occur* .  with  the  softest  spring; 
therefore,  this  spring  is  used  to  examine  other  parameters.  Two  interesting 
effects  can  be  seen  in  Pig.  II-4.  Since  the  cantilever  frequencies  and  the 
base  frequency  are  not  the  natural  frequencies  of  the  coupled  system,  the 
maximum  base  bending  moment  does  not  occur  at  one  of  these  frequencies, 
which  is  to  be  expected.  The  natural  frequencies  of  the  coupled  system  have 
been  computed  and  are  compared  in  Table  II-2, 

TABLE  II-2 

Comparison  of  Prequencies  in  CPS 

Prequsncles  Associated  With  Prequencies  Associated  With 

The  iVemorthogonal  Modes  The  Orthogonal  Modes 


^0 

^1 

u) 

1 

oJ 

2 

a) 

3 

0.25 

.956 

2.495 

0.242 

2.03 

5.15 

1.00 

.956 

2.495 

0.699 

2.21 

5.36 

4,00 

.956 

2.495 

0.932 

2.45 

5.71 

The  other  interesting  effect  which  can  be  seen  in  Pig.  II-4  is  associated 
with  the  systesi  with  the  base  spring  frequency  of  1  eps.  One  would  normally 
think  that  this  system  would  yield  hi^er  base  bending  moments  than  the 
system  with  the  base  spring  frequency  of  4-  cps,  but  because  the  first 
cantilever  frequency  and  the  base  fx’equency  are  approximately  equal,  this 
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system  forms,  essentially,  a  two  degree  of  freedom  syston  in  which  the 
generalized  mass  associated  with  the  base  spring  acts  as  a  mass  damper  on 
the  generalized  mass  associated  with 

With  this  result  one  is  tempted  to  say  that  the  best  choice  of  a  base 
frequency  is  that  of  the  first  cantilever  mode  of  the  vehicle.  One  must 
remember,  however,  that  only  drag  due  to  ground  wind  has  been  considered. 

The  results  plotted  in  Pig.  11-5  indicate  that  the  effect  of  structural 
damping  on  the  maximum  base  bending  moments  is  negligible.  The  mazimtm! 
change  in  base  bending  moment  is  approximately  5i^  when  the  percent  of 
critical  damping  is  changed  from  1^  to  10^. 

Pig.  II-6  indicates  that  the  gravity  terms  must  be  included  to  give 
accurate  results  for  a  flexible  base.  The  gravity  terms  become  increasingly 
important  as  the  base  spring  becomes  softer. 

Fig.  I 1-7  shows  that  the  change  in  maximum  base  bending  moment  due  to 
fflisaligbment  is  within  analog  limits,  the  same  for  gusts  as  for  a  steady 
forty  mph  wind,  i.e.,  the  effect  is  one  which  can  be  accounted  for  by 
superposition. 

As  previously  mentioned  the  generalized  forces  have  nonlinear  terms. 

If  these  nonlinear  terms  can  be  either  replaced  with  linear  terms  or  eliminated 
a  nonlinear  differential  analyzer  is  no  longer  required.  The  nonlinear 
terms  are  V4q»  and  Vq2.  Two  methods  are  used  to  examine  the  possibili'^ 

of  linearizing  these  terms.  The  first  method  replaces  7  with  a  constant 
value  of  40  mph,  while  the  second  method  deletes  the  nonlinear  terms. 

Pig.  H-8  indicates  that  the  maximum  base  moment  chsmges  less  than  5^  when 
the  resxilts  of  the  two  methods,  as  outlined  above,  are  compared. 

2.  RAiroOH  GUST  STUDIES 


In  this  part  of  the  study  the  input  is  random;  however,  the  equations 
of  motion  and  the  load  equations  retain  the  same  form  as  those  in  the 
discrete  studies.  A  ^ite  noise  generator  and  a  filter  circuit  are  used  to 
represent  the  atmospheric  turbultfice.  The  level  of  the  turbulence  is 
adjusted  to  give  a  peak  value  of  wind  velocity  of  approximately  sixty  mph 
every  five  minutes. 

The  results  are  Interpreted  by  a  statistical  method  as  described  in 
Appendix  F.  The  vehicle  is  exposed  to  the  turbulence  for  a  long  period  of 
time,  the  recordings  are  divided  into  five  minute  intervals,  atnd  the  maximum 
static  bending  moments,  the  maximum  dynamic  bending  moments,  and  the  maximum 
wind  velocities  are  tabulated.  Then,  the  following  quantities  are 
oaloulated. 


2 


"  i-1 

K 

f  ^ 

"  i-1 


£ 


(A  -If 
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vfa#P« 


K 

X 


t  Baxlaua  quantitgr  in  th«  iJBi  tiaa  intsrral 
t  mean  Talue  of  maximum  quantity 


H  X  number  of  intervals 


(7  t  variance  of  maximum  quantity  distribution 


With  the  values  calculated  the  dynumic  magnifioatiou  factors  are 
calculated  usin^  the  follovin^r  expressionx 

I&rnaaic  Hagnification  Factor  - 


The  laajor  effects  examined  are  bass  flexibility^  damping,  number  of 
degrees  of  freedom,  and  linearisation.  The  method  of  obtaining  the  random 
Vps  input  can  be  found  in  Ippi^idix  G.  The  effect  of  gravity  is  included 
in  all  cases. 

The  results  cf  the  randcm-type  studies  can  be  seen  in  Tables  II~5  and 


As  can  bo  seen  in  Table  II-5  the  dynanio  magnification  factor  is  reduced 
xdien  the  input  is  changed  from  discrete  to  random.  This  is  true  for  both 
values  of  base  spring  frequencies. 

Changing  the  percent  of  critical  damping  ficom  1^  to  10^  changes  the 
dyiaamio  magnification  factor  very  little.  A  reduction  in  the  dynamic 
magnifloatioh  factor  is  realised  when  three  degrees  of  freedom  instead  of 
one  degree  of  freedom  are  used  to  represent  the  elastic  action  of  the  vehicle. 
This  is  probably  caxxsed  by  the  inertia  coupling* 

The  same  methods  aji  outlined  in  the  diaerste  studies  are  used  to  examine 
the  removal  of  the  nonlinear  terms.  The  dynamic  magnification  factor  increases 
approxii^tely  2^  vdien  the  nonlinear  terns  are  replaced  with  linear  terms  and 
275^  when  the  nonlinear  tezuts  ore  dropped.  Ilhis  indicates  that  the  equations 
oan  bt  linearised  by  linearisixig  the  terms  rather  than  deleting  them. 
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TABLE  II-3  RANDOM  INPUT  RESULTS 


Base  Spring 
Frequency,  ops 

Degrees 

of 

Freedom 

9^ 

Critical 

Damping 

1 

5 

1 

lA 

5 

1 

lA 

3 

10 

lA 

1 

1 

lA* 

1 

1 

lA  * 

1 

1 

TABLE 

II-4  RANDOM 

Base  Spring 
Frequency,  ops 

Degrees 

of 

Freedom 

96 

Critical 

Damping 

1 

3 

1 

lA 

3 

1 

lA 

3 

10 

lA 

1 

1 

lA* 

1 

1 

lA* 

1 

1 

Dynamic 

Dynsunic  Magnification  Magnification 

Factor  Random  Factor  Discrete 


Studies 

Studies 

1.113 

1.227 

1.125 

1.193 

1.137 

- 

1.148 

- 

1.170 

- 

1.460 

- 

PUT  STATISTICS 

Average 

Standard 

Number  of 
Five  Minute 

Gust  Factor 

Deviation 

Intervals 

1.52 

0.125 

61 

1.56 

0.101 

53 

1.49 

0.117 

60 

1.53 

0.093 

60 

1.55 

0.110 

60 

1.57 

0.092 

49 

*  Nonlinear  terms  replaced  with  linear  terms 
A  Nonlinear  terms  deleted 


Hi 
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OSOILUTORY  LOADS  DUE  TO  VORTEX  SHEDDIKG 


1.  HTPHODUCTIOy 


Any  bluff  body  whioh  is  inanersed  in  a  moving  fluid  sheds  vortices. 
Aaaoolated  with  thia  shedding  there  is  a  force  >diich  acta  on  the  body  in  a 
direction  perpendicular  to  the  fluid  flow.  This  force  is  due  to  the  change 
in  circulation  around  the  body  neoeaaairy  to  balance  the  vorticity  shed  into 

the  wake. 


The  prediction  of  these  forces  are  extremely  difficult  and  are  usually 
determined  from  wind-tunnel  test.  Elven  when  the  Reynolds  number  is  sub- 
critical  and  the  vortex  shedding  is  periodic,  little  consistency  can  be  found 
(63)*  Only  meager  Information  on  the  forces  can  be  foxmd  (6I)  when  the  Reynolds 
number  is  supercritical  and  the  shedding  is  random. 


The  following  example  can  only  be  used  for  illustrative  purposes  since 
the  lift  force  measured  in  supercritical  flow  is  for  a  cylinder  only,  and 
nothing  is  known  about  the  forces  for  other  shapes  and  configurations.  There 
is  an  indication  (38)  that  the  resjxjnse  can  be  reduced  by  a  significant  amount 
by  the  proper  use  of  spoilers.  In  choosing  the  spoilers,  however,  one  must  rely 
on  wind  tunnel  tests  since  an  analytical  solution  does  not  exist. 


2.  ILLUSTRATIVE  EXAMPLE 


In  Reference  (6I)  the  power  spectrum  $(S)  of  lift  coefficient  determined 
from  experiments  is  ^ven  for  several  Reynolds  numbers.  In  addition  an  analytic 
expression  is  given  %fhich  fits  the  experimental  datai 


$(S) 


cj  2  [  1  +  3  (2'n*|s)^] 


(II-4) 


where 


^/d  -  2.4 

I  scale  of  turbulence 

d  I  diameter 

S  t  Strouhal  Ifumber 

f  t  frequency 

T  I  velocity  of  flow 

root  mean  square  lift  coefficient 


Since. the  above  expression  is  for  a  constant  diameter  cylinder,  it  is 
neoessaxy  to  reduce  the  vehicle  to  an  equivalent  oonstant  diaswter  cylinder. 
A  moan  diameter  based  on  the  projected  area  expoeed  to  the  flow  is  used. 
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The  system  to  be  einalyzed  has  the  following  properties.  The  vehicle 
is  assumed  to  be  in  vertical  alignment,  gravity  effects  are  included,  and 
the  vehicle  is  exposed  to  a  steady  wind  velocity  of  60  mph.  The  value  of 
Cj^,  determined  from  Reference  (6l),  is  0.1292,  The  vehicle  is  considered 

to  have  a  flexible  base  and  an  associated  base  frequency  of  one-quarter 
cycle  per  second.  The  modes  are  determined  by  using  the  small  vibration 
theoiy  and  including  the  base  spring.  This  yields  a  set  of  orthogonal 
modes  of  which  the  first  three  are  used.  The  frequencies  associated  with 
these  modes  are  ,242,  2.03,  and  5»15  cycles  per  second,  A  value  of  1^ 
critical  damping  in  each  mode  is  used. 


The  orthogonal  beam  modes  determined  in  Part  II-B  are  used  since  the 
inertia  coupling  terms  are  eliminated.  The  equations  of  motion  are  the 
following. 


- 

1 

— 

“ 

1 

m^ 

0  0 

/  \ 
'll 

2m^ 

0 

0 

■’i' 

0 

Og  0 

< 

‘‘12 

1  + 

0 

2m2<y  2^2 

0 

( 

’2  • 

0 

0  m^ 

•  • 

0 

0 

, CO. 
3  5  3 

.’3. 

r  0 

1 

"1^ 

0 

0 

1 

4- 

0 

0 

{ 

‘I2 

\ 

> 

0 

0 

_  2 
“35 

-- 

1 

where 

- 

■  ^ 

■  • 

01 

\  Dd  A  +  z:  5^113 

^  Dd  A  +  X  ^  ®^2^2*l2  ^  "^3^2*13 

Z.  +  r  +  Z  ^  “^3^3'^3 


The  force  eumauition  method  is  used  to  determine  the  base  bending 
•nt* 


To  determine  the  mean  diameter,  the  following  eoipression  is  usedt 


mean 


(II-7) 


msD  nt  40-^18 
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where  L  ■  len^h  of  vehicle 


ZCdA  - 


maximiun  area  normal  to  the  flow 


d 


mean 


1460.99 

138.67 


10.54  ft. 


Using  the  digital  program  discussed  in  Appendix  G,  the  root-meain- 
square  base  bending  moment,  normal  to  the  flow,  is  6^*71  mil  lion-in-lb. 
There  is  an  oscillatory  drag,  associated  with  the  oscillatory  lift,  due 
to  vortex  shedding.  If  one  assumes  that  the  normalized  spectrum  of  the 
oscillating  drag  force  is  identical  to  the  normalized  spectrum  of  lift 
force,  one  can  easily  compute  the  root-mean-square  bending  moment,  due  to 
the  oscillatory  drag.  The  relation  is  the  following* 

%  — 

BMd  -  - 

C. 


For  our  case  Cg  ,  from  Reference  (6I),  is  0.04}  and  therefore,  the 

root-mean-square  base  bending  moment,  parallel  to  the  flow,  due  to  vortex 
shedding,  is  million  in-lbs.  In  order  to  combine  the  three  components, 
the  peak  values,  rather  than  the  root-mean-square  values,  of  the  oscilla¬ 
tory  bending  moments  should  be  used.  It  has  been  indicated  (58)  that  the 
peak  values  are  approximately  three  times  the  root-mean  square;  also  it  has 
been  indicated  (58)  that  the  build-up  of  bending  moments,  due  to  vortex,  is 
sufficiently  rapid  that  the  peak  values  should  be  added  to  the  peak  value 
of  bending  moment  determined  in  the  quasi-steady  drag  study,  including 
dynamic  effects.  The  maximum  base  bending  moment  obtained  in  Fart  2,  with 
a  base  spring  of  l/4  cps.,  is  24.4  million  in-lbs. 


BMj 

=  [  ♦ 

where 

1  peak  bending  moment 

:  peak  bending  moment 

:  peak  bending  moment 

^  (II-8) 

due  to  oscillatory  lift 
due  to  oscillatory  drag 
due  to  quasi-steady  drag 


For  this  example  the  total  base  bending  moment  is: 

BM  -  ^(20.1  X  10^)~  +  (6.3x10^  +  24.1} 

BH  -  36.7  X  10^  in-lbs 


10^)^ 


1/2 

in-lbs 


This  example,  probably,  is  more  suitable  to  a  ballistic  missile, 
rather  than  to  a  configuration  similar  to  the  one  studied  here,  because 
the  ballistic  missile  is  closer  to  being  a  cylinder. 
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D.  EAHTHaUAKE  AND  SHOCK  LOADS 


Because  of  their  infrequent  and  unpredictable  occurrence,  earthquake 
and  shock  loads  are'  not  usually  considered  as  design  conditions.  Hoveyer, 
the  method  of  computing  loads  due  to  these  effects  gives  rise  to  problems 
which  will  be  discussed  in  this  report.  The  difficulty  involved  in  obtain- 
ixig  shock  measurements  has  led  to  the  use  of  the  shock  spectra  approach. 
This  method  is  employed,  when  the  exact  nature  of  the  shock  cannot  be  de¬ 
termined.  The  remainder  of  this  section  will  be  devoted  to  a  discussion 
of  the  shook  spectra  concept  and  an  evaluation  of  loads  obtained  by  the 
shock  spectra  method. 

1.  SHOCK  SPECTRA  METHODS 


Certain  disturbances,  such  as  earthquake  shocks  and  ground  shock  due 
to  blast,  produce  transient  accelerations  which  are  rather  hard  to  measure 
and  hard  to  define.  By  a  simple  passive  system  (reed  gages  for  example)  it 
is  possible  to  take  measurements  which  will  describe  the  shock  by  a  shock 
spectrum  that  gives  a  measure  of  the  frequency  content  and  amplitude  of  the 
shock. 


Consider  a  series  of  lumped  mass  reed  gages  of  various  frequencies  to 
be  placed  in  the  ground  in  an  aarthq\iake  area. 


Let  the  lateral  displacement  of  the  earth  due  to  the  shock  be  y^  and  let 

the  relative  displacement  of  a  reed  be  y. .  The  motion  of  a  reed  can  be 
described  by 


*i  ^^i  +  2  y  ^i  i  ^i  "  ® 

71  * 

Let  the  maximum  response  of  (lI-9)  be 

S'!  1  ® 

Ve  note  that  can  be  measured  quite  easily. 


(II-9) 
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V*  now  d«fin« 


wh«>«  l>(a>) 

A(a)) 


<4>^D(«4^) 

displaoment  shook  spsotrua 

aeoslsration  shock  spsotruai  squiTedsnt 
static  acoalsrstion 


Ths  second  dsfinition  can  be  Tisualissd  by  Isttlng  V  (t)  bs  a  steady 

2  ••  ^ 

acceleration  in  Eqn.  (II-9)*  Then  y  -  -y^ 

lov  let  the  Tehiele  be  subjected  to  the  saae  shook  and  let  its  response 
be  defined  by  the  base  notion  plus  two  oantllorer  bean  nodes*  as  shown 
below. 


1m  In^ 

0 

fM 

0 

|«i 

►  ♦ 

2  Z:  n  4)^ 

< 

*1 

Za4|  0  Zn4| 

K1 

2 

z 


Ve  can  rewrite  ths  second  and  third  equation  ae 

.2 


\  *  ^1«1 


Pi  ° 
^  ■  4>2  .. 


••  V  •  • 

J  ^--Vo 


where  Aj  is  called  the  kinenatio  factor. 

Votinir  the  sinilarity  of  l^ia.  (ll-ll)  and  (II-9)  ve  can  say  that 


Aj  I(»j) 


(II-IO) 


(Il-ll) 


Mat  n 


*3 


j  given  by 


If  the  response  at  some  point  on  the  voV ■  ■ 

y(x)  ^2  % 

then  an  upper  boimd  on  the  maximum  response  is  given  by 


y(x) 


max 


J  TJ'  '  '3' 

The  same  type  of  upper  bound  can  be  placed  on  loads  by  the  relationship 

/ 


mai 


/  \ 

A(£0.)  > 

i 

j 

(11-12) 


where 


«  load  at  station  i 

j£.  j  ■  load  at  station  i  due  to  a  unit  acceleration  in 


■ij 


the  J  mode. 


This  is  recognized  to  be  conservative,  but  the  degree  of  conservatism 
is  not  .known*  In  an  attempt  to  deteraine  the  degree  of  conservatism  a 
ground  acceleration  time  histoiy  measured  by  Hudson  and  Housner  (7l)  has 
been  applied  to  the  base  of  the  vehicle  by  a  direct  analysis  and  by  a  shock 
spectrum  analysis.  Such  a  comparison  cannot  ordinarily  be  made,  because 
time-histories  are  usually  not  available. 

The  ground  acceleration  trace ,  used  in  the  comparison  is  shown  in  Fig. 
(II-9).  The  ground  motion  was  measured  approximately  570  yards  from  a 
370,000  lb.  charge  of  "nitromon"  exi>losive;  the  explosive  had  been  packed 
in  several  hundred  feet  of  tunnel  cut  into  the  sloping  side  of  a  mountain. 

The  acceleration  shock  spectrum  shown  on  Fig.  (II-IO)  has  been  computed 
from  the  trace  on  Pig.  (lI-9)  by  computing  the  response  of  •♦reed  gage” 
systems.  Since  the  shock  spectrum  is  usually  measured  rather  than  the  time 
histoxy  trace,  no  detailed  description  of  the  calculation  of  the  shock 
spectrum  is  given. 

The  vehicle  loads,  due  to  the  shock,  have  been  computed  using  Sq.n« 

( 11-12 )  and  Fig.  (II-IO).  The  results  of  the  study  are  shown  on  Fig.  (ll-ll) 
as  envelopes  of  shear  and  bending  ircment.  The  influence  of  the  number  of 
modes  used  in  the  analyses  is  clearly  shown.  The  addition  of  modes  always 
raises  the  envelope,  but  the  effect  of  higher  modes  such  sui  the  fourth  and 
fifth  modes  is  small. 


J 
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If  the  response  at  some  point  on  the  vehicl-  is  giren  by 

y(x)  ^2  ^  ***  Si 

then  an  upper  bound  on  the  maximum  response  is  given  by 


The  same  type  of  upper  bound  can  be  placed  on  loads  by 


the  relationship 


/  \ 

mm 

»  * 

/  \ 

1  ‘il 

■  max 

M.,| 

■ 

1 

1 

vhere  ■  load  at  station  i 


load  at  station  i  due  to  a  unit  acceleration  in 
the  J  mode. 


(11-12) 


This  is  recognized  to  be  conservative,  but  the  degree  of  conservatism 
is  not .knovm.  In  an  attempt  to  determine  the  degree  of  conservatism  a 
ground  acceleration  time  history  measured  by  Hudson  and  Housner  (7I)  has 
been  applied  to  the  base  of  the  vehicle  by  a  direct  analysis  and  by  a  shock 
spectrum  analysis.  Such  a  comparison  cannot  ordinarily  be  made,  because 
time-histories  are  usually  not  available. 

The  ground  acceleration  trace,  used  in  the  comparison  is  shown  in  Fig. 
(II-9).  The  ground  motion  was  measured  approximately  370  yards  from  a 
370,000  lb.  charge  of  "nitromon”  explosive;  the  explosive  had  been  packed 
in  several  hundred  feet  of  tunnel  cut  into  the  sloping  side  of  a  mountain. 

The  acceleration  shock  spectrum  shown  on  Fig.  (ll-io)  has  been  computed 
from  the  trace  on  Pig.  (lI-9)  by  computing  the  response  of  "reed  gage" 
systems.  Since  the  shock  spectrum  is  usually  measured  rather  than  the  time 
history  trace,  no  detailed  description  of  the  calculation  of  the  shock 
spectrum  is  given. 

The  vehicle  loads,  due  to  the  shock,  have  been  computed  using  Eqn. 

( 11-12 )  and  Pig.  (II-IO).  The  results  of  the  study  are  shown  on  Fig.  (ll-ll) 
as  envelopes  of  shear  and  bending  moment.  The  influence  of  the  number  of 
modes  used  in  the  analyses  is  clearly  shown.  The  addition  of  modes  always 
■  raises  the  envelope,  but  the  effect  of  higher  modes  such  as  the  fourth  and 
fifth  modes  is  small. 
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The**  results  have  been  computed  for  a  cantilever  beam  representa¬ 
tion  of  the  vehicle.  If  a  spring  support  is  used,  care  must  be  taken  to 
compute  the  new  orthogonal  modes  of  the  system  and  obtain  the  values  of 
A(c>0)  at  the  proper  frequencies.  This  results  from  the  fact  that  the 
system  does  not  in^spond  naturally  at  its  cantilever  frequencies  if  the 
base  is  flexible,  but  rather  responds  at  coupled  frequencies. 


2,  DIRECT  DYNAMIC  ANALYSIS 

In  oi*d*r  to  assess  the  accuracy  of  the  shock  spectra  method,  Eqns. 
(II-IO)  have  been  solved  directly  by  using  the  ground  acceleration  trace 
on  Fig.  II-9 ' as  an  input.  The  loads  have  been  computed  by  mode  displace¬ 
ment  and  force  summation  methods  by  the  following  fomulaet 

mode  displacement 

f  ■■i]  ■[-««] 

where  load  (bending  moiient  or  shear )at  the  1^  load  point 

due  to  a  unit  acceleration  of  the  mode. 

force  eu— ation 

[  h}  -  (^lo]  *  [Aj  ]  {  ^3] 

Due  to  the  absence  of  air  loads,  the  two  loads  methods  are  seen  to  be 
quit*  similar. 

3.  DISCUSSIOK  OF  REmTS 

1  ooq>arison  of  Figs.  11-12  and  II-I5  shows  that  bending  moments 
are  almost  identical,  using  either  the  mod*  displacement  or  force  sumw 
mation  method  with  one  or  more  modes.  This  is  not  a  general  result  and 
for  most  applications  the  force  summation  method  is  considered  to  be  more 
accurate*  In  this  study  the  time  histories  of  loads  by  the  two  methods 
are  different,  but  the  maximum  loads  are  the  same  because  they  hhppen. 
to  occur  when  the  base  acceleration  is  zeiro.  An  examination  of  Eqns.  (Il-13f 
II-l4) shows  that  the  loads  will  be  the  same  by  either  method  df  y  >0 
and  the  system  is  vibrating  freely. 

Shear  calculations  did  not  converge  as  rapidly  as  bending  moment 
calculations  especially  near  the  base.  The  force  summation  and  mode  dis¬ 
placement  methods  gave  different  answers  for  maximum  shear*  This  is  due 
to  the  fact  that  maximum  shear  occurs  when  y^  0  in  Eqn.  (ll-l4). 

The  shock  spectra  method  is  expected  to  be  conservative  since  it 
adds  peak  loads  from  each  modal  response  as  though  all  the  peadcs  occurred 
sinulianeously.  A  comparison  of  Figs.  II-ll  and  II-I5  shows  that  the 
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shock  spectra  method  gave  loads  that  were  between  7^  and  100^  higher 
than  the  loads  computed  by  direct  methods.  It  is  interesting  to  note 
that  the  shock  spectra  method  and  the  mode  displacement  method  give 
identical  results  for  one  mode,  but  that  additional  modes  markedly  in¬ 
crease  the  shock  spectra  results. 

The  numerical  results  of  the  study  are  not  intended  to  be  signi¬ 
ficant  since  the  input  used  is  only  a  simulated  earthquake.  The  magni¬ 
tude  of  the  acceleration  is  roughly  equivalent  to  that  of  a  moderately 
strong  earthqwke.  Some  recorded  strong  earthqiiakes  have  had  magnitudes 
from  two  to  three  times  as  large  as  the  example  accelerations,  and  the 
motion  has  lasted  from  13  to  20  times  as  long. ’ 
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PIG.  11-13  VEHICLE  LOADS  DUE  TO  SHOCK  CONI 

SUMMATION  METHOD 
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O  ;  5  modes 
V  t  4  modes 
D  t  3  modes 
O  t  2  modes 
A  t  1  mode 

0  :  rigid  body  motion  only 


500 


BY  FORCE 


SECTION  III 


UlUNCH 


A.  BRTJgASE 

1.  Introduction 


The  release  problem  is  generated  from  the  quick  relaxation  of  the 
holding  mechanism  at  a  prescribed  instant  during  the  count  dovn.  Since 
the  vehicle  support  is  opposed  to  the  forces  and  moments  due  to  ground 
wind,  this  relaxation  is  equivalent  to  a  sudden  release  of  the  shear  and 
moment  at  the  base. 

The  effects  of  different  control  lavs,  nozzle  inertia,  number  of 
degrees  of  freedom  required  to  acourately  describe  the  motion,  and  delay 
time  in  activating  the  control  system  after  release  are  examined. 

2.  Analysis 

The  first  eight  coupled  free-free  modes  are  used  to  represent  the 
vehicle.  In  this  part  of  the  study  the  equations  used  follow  directly 
from  the  perturbation  equations  referred  to  body  fixed  axis  in  Appendix  C. 
Comparison  of  the  following  equations  with  those  in  Appendix  C  reveal  by 
implication  the  assumption  made  in  this  part  of  the  study. 

E-5.  -  M 

*  *  . (III-5) 

•o-*\  -  "A  -  Vn^«.  -  -  ■o*(^>n’2 

9 

The  generalised  forces  are 

-  IECjj  DAx[t  -  q^]2  (m-5) 
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Qq^  D  x^x  [  V  -  q^]  2 

(III-6) 

Qq^  (A)  -  ^  LCjj  D^jAx  [v  -  qj^ 

(III-7) 

Qqg  (C)  -  (S^-  qj)  -  q^ 

(III-8) 

Where  ^  in  Eqn.  (<III-8)  is  determined  from  the  solution  of » 


{Sj  ^  ^lA  h  ^  ^2A  *12} 

{^  ■*■  ^IR^l  *  ^2R^2} 

^i■  T^i  ~  ^A  +  ^R  -  ^8 


and  where! 

7 

T 


density  at  sea  level 

velocity  of  the  wind  ■  40  mph 

thrust  at  sea  level 

drag  coefficient 

dimension  normal  to  the  flow 

attitude  sensor  output 

rate  sensor  output 

attitude  gain 

rate  gain 

output  of  filter 

.034  seconds  (time  constant  of  filter) 


(III-9) 

(III-IO) 

(III-ll) 

(III-12) 
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4 


T 


2 


Mo 


i  * 


‘♦a 


'I' 


noBsle  swivel  angle  commanded 

.035  second  (hydraulic  system  lag) 

body  fixed  axial  coordinate  associated  with  the 
hinge  point  of  the  motor  nozzles 

damping  ratio  in  the  node  =  .02 

generalized  mass  of  the  mode 

frequency  of  flexural  mode 

mass  of  nozzles 

distance  from  nozzle  eg  to  nozzle  swivel  axis 

natural  frequency  of  nozzle  swiveling 

nozzle  damping  ratio 

modal  slope  of  the  mode  at  attitude 
sensor  location 

modal  slope  of  the  mode  at  rate 
sensor  location 

modal  value  of  the  mode  at  nozzle  eg 

modal  slope  of  the  nozzle 

attachtMnt  point 

euigle  of  inclination  of  vdiicle  axis  from  the 
horizontal 

modal  value  of  the  mode  at  nozzle  attachment 
point 


The  control  system  sensors  are  located  as  follows:  rate  sensor 
at  body  station  I636  and  attitude  sensor  at  body  station  411«  These 
locations  are  consistent  with  those  in  the  boost-flight  analysis. 
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The  gain  settings  used  throughout  the  release  problem  are  » 

5.47  and  K*  ■  1.35  / -  .  These  gain  .settings  are  calculated 

X*&Cl  w  X*8>C1/  SGC 

by  the  method  outlined  in  Appendix  D,  These  gains  provide  a  frequency 
and  damping  in  pitch  of  one-half  cps  and  ,6  critical  immediately  after 
release. 

The  generalized  forces,  due  to  the  quasi-steady  drag,  are  linearized 

(’  ^2  2 

V  -  q^  is  replaced  by  V  ,  which  will  be  justified  later. 

All  coefficients  remained  constant,  and  the  force  summation  method 
is  again  used  to  determine  the  bending  moments. 

To  find  the  equilibrium  position  prior  to  launch,  a  force  and  a 
moment  are  applied  at  the  base  such  that  the  translation  at  the  base  is 
zero  and  the  slope  at  the  base  is  proportional  to  the  base  moment.  The 
base  stiffness  corresponds  to  a  base  frequency  of  one-fourth  ops.  Set¬ 
ting  the  inertia  and  response  velocity  terms  to  zero  auid  writing  the 
equations  corresponding  to  the  prescribed  deflection  and  slope  at  the 
base,  results  in  a  set  of  nine  algebraic  equations  with  nine  unknowns. 

The  solution  of  the  set  yields  the  proper  initial  conditions. 

The  solution  of  this  problem  is  divided  into  two  parts.  Part  one 
uses  the  supposition  that  the  control  law  completely  filters  out  any  fre¬ 
quency  above  5  cps,  and  the  mass  of  the  engine  is  negligible,  and  there 
is  no  time  delay  between  the  angle  of  thrust  vectoring  required  and  ap¬ 
plied.  That  is  Tj^  -  Tg  =  0. 

Part  two  considers  the  effects  neglected  in  part  one  with  the  ex¬ 
ception  that  only  the  first  two  flexible  degrees  of  freedom  in  addition 
to  pitch  are  sensed. 


3.  DISCUSSION  OF  RESULTS 

a.  Linearization  Justification 

The  aerodynamic  forces  are  linearized  by  neglecting  the  products 

•  •  2 

of  Vq^  and  q^  .  As  can  be  seen  in  Fig.  III-2,  when  the  control 

law  is  activated  at  release,  the  bending  moment  becomes  a  maximum 

within  .18  of  a  second  after  release.  The  trace  of  q  also  shown 

z 

in  Pig.  III-2  shows  that  at  .18  of  a  second  after  release  q  is 

z 

equal  to  5  in/sec.  This  is  small  compared  with  the  wind  velocity 
of  70^  in/sec;  and  consequently  linearization  is  justified. 

b.  Perfect  Control  Law  and  Massless  Engines 

A  typical  time  histoiy  of  bending  moment  distribution  is  shown  in 
Pig.  III-3  and  Pig.  III-4,  The  bending  moment  distribution  becomes 
a  maximum  approximately  at  t  =  .18  seconds  after  release.  The  pictures 
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between  t  ■  .40  seconds  and  the  steady-state  condition  are  not 
'shown,  since  they  would  only  show  an  oscillating  but  converging 
bending  moment  distribution. 

At  some  stations  the  bending  moments  due  to  release  are  twice 
the  'bending  moments  due  to  a  steady  40  mph  ground  wind. 

The  bending  moment  distribution  for  four  degrees  of  freedom  and 
ten  degree  of  freedom  are  compared  in  Pig.  III-5*  This  figure 
indicates  that  four  degrees  of  freedom  are  adequate  to  describe 
the  motion. 

c.  Refined  Control  Law  and  Engine  Inertia  Studies 

Both  the  effects  of  the  refined  control  law  with  engine  inertia 
and  the  delaying  of  the  activation  of  the  control  law  are  illus¬ 
trated  in  Pig.  III-6.  Adding  the  refined  control  law  and  engine 
inertia  has  little  effect  on  the  maximum  bending  moments.  The 
reason  for  the  scatter  might  be  due  to  the  phasing  of  applying 
the  control  thrust  force  and  the  motion  of  the  flexible  degrees 
of  freedom.  The  delay  time  in  activating  the  control  law  in¬ 
creases  the  maximum  bending  moment. 

lypical  control  system  signals  for  the  release  problem  are  shown 
in  Pig*  III-7.  The  general  shape  of  the  curves  are  identical. 
Each  output  lags  by  a  small  amount  the  preceeding  output. 

4,  GEaTERAL  CONCLUSIONS 

a)  Linearization  of  the  equations  of  motion  is  justified. 

b)  Delaying  the  activation  of  the  control  system  increases 
the  bending  moment. 

c)  Pour  degrees  of  freedom  are  adequate  to  describe  the  motion. 

d)  Using  a  refined  control  law  and  engine  inertia  has  little 
effect  on  the  maximum  bending  moment. 


B.  AXIAL  LOADS 
1.  Introduction 


The  first  axial  loads  of  large  magnitude,  encovtntered  by  the  vehicle, 
ooeur  during  launch*  Large  axial  loads  are  also  encountered  at  the  term¬ 
ination  and  initiation  of  thrust  during  the  staging  process. 
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Under  a  nominally  steady  thrust,  T,  high  frequency  variations 
^screaming)  of  the  order  of  6000  ops  and  low  fi-equency  variations 
(chugging)  of  the  order  of  50  cps  are  known  to  occur  in  the  thrust  of 
rocket  engines,  the  magnitude  of  the  variation  being  on  the  order  of  Yfo 
to  1096  at  full  thrust.  Resonance  of  the  structure  with  a  screaming  or 
chugging  engine  could  be  the  source  for  the  production  of  large  axial 
loads  at  specific  body  stations;  fortxxnately  the  screaming  and  chugging 
frequencies  do  not  persist  for  long  periods  of  time  nor  are  they  of  a 
strictly  sinusoidal  nature, 

2.  Analysis 

The  modeling  of  a  liquid-fueled  vehicle  appears  to  jjresent  more 
difficulties  than  the  modeling  of  a  solid-propellant  vehicle  where  a 
combination  of  linear  springs  and  masses  generally  suffices.  The  major 
difficulty  in  modeling  of  the  former  type  of  vehicle  comes  about  in  de¬ 
fining  the  interaction  between  the  liquid  and  the  structure.  A  cursory 
investigation  of  this  problem  indicates  that  the  structure  should  be 
considered  separate  from  the  liquid.  The  coupling  between  the  two  is  in 
the  pressure  exerted  by  the  liquid  on  the  structure.  In  all  but  the  most 
simple  geometries,  the  analytical  expressions  for  the  interaction  poses 
extremely  difficult  problems  in  shell  theory  as  well  as  in  potential 
flow  theory.  To  circumvent  the  difficulties  and  yet  provide  simple  numer¬ 
ical  estimates  of  the  maximum  axial  loads  one  might  expect,  the  following 
method  is  suggested. 

The  analysis  is  based  on  the  following  assumptions: 

•l)  The  vehicle  can  be  represented  by  two  springs  and  a  mass  in 
tandem  as  shown  in  Pig.  III-l.  The  spring  constant  of  each 
spring  is  calculated  using  the  average  stiffness  of  the  shell 
represented  in  each  stage.  Pig,  A-6,  and  the  mass  is  that  of 
the  glider. 

>2)  The  glider  is  assumed  to  be  rigid. 

3)  The  mass  of  the  stage  structure  is  neglected, 

4)  The  interaction  of  the  propellant  (fuel  +  oxidizer)  and  the 
structure  is  assumed  to  be  only  in  the  pressure  exerted  by 
fluid  resulting  from  the  acceleration  of  the  base  of  the 
spring,  and  the  gravitational  field.  The  lumping  of  the 
propellant  (fuel  +  oxidizer)  in  each  stsige  as  acting  as  a 
single  fluid  in  a  single  equivalent  shell  is  an  approxima¬ 
tion  that  can  be  refined.  The  force  P.  thus  exerted  on  the 
base  of  each  spring,  is  given  byj 

-  -  M^(g  +  X. )  (III- 

where  j  mass  of  the  propellant  in  the  i®  stage 

g  s  ^avitatiohal  field  acceleration 
g  +  y  0  is  assumed 
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No  interaction  resulting  from  the  exertion  of  lateral 
pressure  on  the  shell  by  the  fluid  is  assumed* 

5)  The  instance  considered  assumes  the  Tehicle  to  be  in  a 
vertical  position  at  the  instant  of  launch. 


6)  The  application  of  a  constant  thrust,  T,  is  assumed  to  take 
place  instantaneously  (unit  step). 

*5 


PIG.  III-l  AXIAL  LOAD  ILUJSTHATIOH 
The  equations  of  motion 

T  A  Pj  +  ki  (x2  -  -  0  (III -14). 

P2  +  k2(x5  -  Xg)  +  l^Xj^  -  Xg)  -  0  (III-I5) 

mg  xj  -  k2(x2  -  Xj)  -  mjjff  (III-I6) 


are  solved  for  the  maximum  deformation,^  possible  in  the 
springs  (under  the  application  of  a  unit  step  thrust)  in 
excess  of  the  deformation  S i(e)  resulting  from  the  equilibrium 
prior  to  launch,  and  the  defoiwation  jri(8s)  resulting  from  a 
steady  state  condition  subsequent  to  launch.  These  values  are 
compared  in  the  following  table,  along  with  the  steady  state 
vadue  of  xj,  ^^(ss),  and  the  maximum  value  of  possible. 
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i 

*^i 

•H 

5j^(8s), 

Xj(s8) 

x^max, 

10^  Ib/in 

inches 

inches 

inches 

e 

e 

1 

1.15 

,(M 

.0710 

.0520 

0.54 

5.0 

2 

0.865 

.0104 

.0160 

.0178 

The  above  values  are  based  on  the  assumption,  that  the  eigenvalues  of 
the  system  are  commensurate  and  on  the  important  restriction  that 
g  +  >  0,  which  is  not  generally  satisfied,  hence  a  more  exacting 

cmalysls  would  require 

e  +  \  ^0 

0  g  +  x\  <  0 

This  problem  can  be  solved  by  an  electjic  analog  with  little  difficulty. 
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Four  Degrees  of  Freedom 


Tinet  Seconds 
Translational  Telocity 


Bending  Hoaent  at  Station  ^7 


FIO.  III-2  LIHEARIZITION  JUSTIFICATIOI 
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Bending  Moaent,  10  In-Lbs 
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no.  Ill-;  ETTGCT  OF  ADDITIONAL  DEGREES  OF  FREEDOM 


FIG.  III-4  EFFECTS  OF  DEUT  TIME  IR  ACTIVATION  OF  THE  CONTROL  SYSTIM 
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Four  Degrees  of  Freedom 

25I  Critical  Damping  in  Flexible  Modes 
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FIQ.  III-7  TIPICAL  CONTROL  RESPONSES 
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IV  BOOST  FLIGHT  LOADS 


A.  GENERAL  DISCUSSION 


Introduction 


A  large  percentage  of  the  structure  of  a  boost-glide  vehicle  is 
designed  by  loads  occurring  during  the  boost  phase  of  the  trajectory. 

Axial  loads  due  to  thrust,  internal  pressurization  loads,  and  transverse 
bending  moments  due  to  atmospheric  tvirbulence,  wind,  shear,  and  maneuver 
combine  to  produce  the  critical  loading  conditions.  Bending  loads  are 
likely  to  be  large  in  boost -glide  vehicles  having  a  lifting  surface  near 
the  nose  of  the  vehicle. 

A  significant  portion  of  the  glider  itself  may  also  be  designed  by 
loads  occurring  during  boost.  Angles  of  attack  due  to  Hind  shear, 
gusts,  and  maneuver  encountered  at  high  dynamic  pressures  during  boost 
are  likely  to  produce  critical  loads;  and  axial  accelerations  during 
boost  are  considerably  higher  than  those  due  to  re-entry  for  vehicles 
of  the  type  being  studied. 

The  thrust  and  pressurization  loads  depend  on  the  thrust,  drsig, 
weight,  weight  distribution,  geometry,  and  internal  pressure.  These 
essentially  static  lo8d.s  may  be  calculated  in  a  stral^tforward  manner, 
since  external  dlstohances  such  as  turbulence  and  wind  shear  have  little 
effect  on  them  except  Insofar  as  internal  pressurization  recjulrements  Eire 
detemlned  by  bending  loads.  Bending  moments  arise  from  programmed  maneuvers, 
atmospheric  turbulence,  and  wind  shear.  Maximum  banding  moments  usueGLly 
result  from  a  combination  of  turbulence  end  wind  shear  reversal  associated 
with  a  Jet  stream  wind.  A  caDprebemslve  dynamic  analysis  Is  required  to 
accurately  predict  the  bending  loads  due  to  wind  shear  and  turbulence. 


The  Load  Producing  Environment 

Wind  shear  is  probably  the  most  isportant  contributor  to  bending  loads 
produced  during  boost.  The  development  of  wind  shear  design  criteria  will 
continue  as  more  data  on  winds  aloft  and  wind  shear  become  available  end 
are  analyzed. 

Slsscnwlne  (lO^,  11^,  ll6,  117)  has  published  several  i^paithetlc  wind 
profiles  which  ^ve  been  widely  used  for  design  purposes.  Fig.  IV-2 
shows  the  Slssenwlne  revised  one  percent  synthetic  wind  profile  which 
has  been  used  to  confute  wind  shear  loads  In  the  present  study.  Presumably, 
a  vehicle  designed  to  this  profile  would  exceed  the  design  wind  shear  loads 
only  once  per  hundred  fllc^ts  in  the  area  and  the  season  to  which  the  pro¬ 
file  is  applicable.  Another  design  wind  profile  recommended  by  AviByne 
Research  (108)  is  also  shown  in  Pig.  IV-2.  In  using  any  of  these  profiles. 


hk 
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the  wind  is  assvaaed  to  be  blowing  from  the  most  adverse  direction.  ‘3?lr..e 
altitude  at  which  the  peak  velocity  occurs  is  also  shifted  between 
30,000  and  ^5,000  feet  to  the  most  critical  altitude  within  this  band. 

Atmoi^herlc  turbulence  produces  bending  loads  during  boost  which 
combine  with  wind  shear  loads.  Turbulence  may  be  represented  for  design 
purposes  either  as  random  continuous  turbulence  having  a  ^clfled  power 
i^ctrum  and  certain  probability  distribution  functions  or  as  a  dJ.screte 
gust  of  specified  velocity  and  profile.  In  references  113  ll4  Press 
defines  atmo^heric  tiirbulence  power  spectra  and  probability  distribution 
functions,  as  well  as  procedures  for  determining  probable  load  exceedances 
which  have  been  used  in  gust  loeid  studies  of  several  types  of  airplanes. 
However,  the  application  of  the  power  spectral  method  to  vehicles  having 
high  vertical  velocity  conponents  is  questionable,  since  most  of  the  data 
upon  which  the  atmospheric  power  spectra  and  probability  distributions 
functions  are  based  were  gathered  by  airplanes  in  essentially  horizontal 
flight.  Also  the  power  spectral  method  gives  loads  in  terms  of  root  mean 
square  values  and  probable  number  if  exceedances  of  given  losid  levels  per 
unit  time  or  dl stance;  and  there  is  considerable  uncertainty  as  to  how 
these  leads  should  be  combined  with  rapidly  time  varying  discrete  wind 
shear  loads. 

If  the  discrete  gust  approach  is  used,  the  loads  due  to  a  specified 
discrete  gust  are  added  to  the  wind  shear  loads.  In  the  past,  a  one 
minus  cosine  shaped  gust  whose  wave  length  is  adjusted  to  produce  maximum 
loads  has  been  used  extensively.  The  design  maximum  gust  velocity  is,  of 
course,  somewhat  arbitrary,  but  the  selection  should  be  based  on  a  prob¬ 
ability  encounter  commensurate  with  the  probability  of  encountering  design 
wind  shear  loads.  Therefore,  it  seems  reasonable  that  a  gust  which  would 
be  encountered  only  once  in  one  hundred  flights  should  be  used  for  design 
when  a  one  percent  probability  wind  profile  is  used. 


Objectives 

The  objectives  of  the  boost  flight  loads  analyses  conducted  in  the 
present  research  program  are  two  fold.  The  first  and  perhaps  the  primary 
objective  is  to  study  and  evaluate  existing  methods  of  dynamic  loads  pre¬ 
diction.  In  particular,  the  effects  of  various  refinements  in  the  mathe¬ 
matical  representation  of  the  system  as  well  as  variations  in  some  of  the 
parameters  are  determined.  The  second  objective  of  the  boost  loads 
studies  is  to  obtcdn  quantitative  results  so  that  the  loads  occurring 
during  boost  can  be  coDq>8u:ed  with  loads  arising  from  other  conditions. 

The  mathematical  representations  studied  range  from  a  rigid  vehicle  with 
a  sli^jle  idealized  control  system  and  no  fuel  slosh  to  representations 
including  up  to  three  elastic  structural  degrees  of  freedom,  two  liquid 
slosh  degrees  of  freedom,  and  up  to  thwse  control  system  lags.  Parameter 
variations  studied  include  control  system  gains,  sensor  locations,  and 
assumed  glider  lift  curve  slope.  The  effect  of  configuration  and  tra¬ 
jectory  changes  are  not  studied,  since  these  are  considered  fixed  in 
the  present  research  study.  Wind  shear  and  discrete  gust  loads  are 
determined.  A  power  spectral  analysis  of  gust  loads  diy-ing  boost  is 
conducted  to  provide  load  occurrence  data  suitable  for  fatigue  life 
studies. 
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B.  ANALYSIS 


General  Approach 


The  aaajor  effort  in  the  study  of  the  boost  phase  is  concentrated  on 
the  wiixd  shear  problem*  Wind  shear  is  the  major  contributor  to  bending 
loads*  and  an  evaluation  of  atxalysis  techniques  and  of  the  Importance  of 
various  parameters  should  lead  to  more  efficient  solution  of  this  important 
and  rather  con^licated  dynamic  loads  problem* 

The  dynamic  loads  analysis  of  a  boosted  vehicle  differs  from  an  air¬ 
plane  dynamic  loads  analysis  primarily  in  that  the  boosted  vehicle  mass* 
velocity*  air  density*  and  Mach  number  all  vary  rapidly  with  time*  The 
boosted  vehicle  is  represented  mathematically  by  a  set  of  differential 
equations  with  time  varying  coefficients*  Solution  of  these  equations 
may  be  accomplished  by  a  step  by  step  integration  procedure  utilizing 
high  speed  digital  computing  equipment*.  Machine  limitations  as  well  as 
the  magnitude  of  the  effort  required  to  determine  time  histories  of  a 
large  number  of  coefficients  make  it  desirable  to  limit  the  npomber  of 
degrees  of  freedom  in  this  problem  to  as  few  as  possible*  During  most 
of  the  first  stage  boost*  the  horizontal  wind  velocity  varies  rather 
slowly  with  time;  hence  the  response  of  the  vehicle  is  primarily  a  rigid 
body  translation  response  and  a  few  degrees  of  freedom  are  adequate* 
However*  in  the  vicinity  of  the  peak  of  the  wind  profile*  the  horizontal 
wind  velocity  varies  rapidly  with  time;  and  adequate  representation  of 
elastic  mode  response*  xkszzle  inertia*  fuel  slosh*  etc**  may  require  a 
large  number  of  degrees  of  freedom.  This  situation  suggests  a  two-part 
approach*  One  part  consists  of  obtaining  the  response  to  the  portion  of 
the  wind  profile  which  varies  slowly  with  time*  The  spike  is  replaced 
with  a  straight  line  across  the  base  of  the  spike*  The  vehicle  is  repre¬ 
sented  by  three  degrees  of  freedom*  and  the  coefficients  are  varied  with 
tioM*  Solution  is  accomplished  by  means  of  a  digital  computer  program* 

In  the  second  part*  the  assimption  is  otade  that  the  coefficients  can  be 
considered  constant  during  the  passage  throujdi  the  wind  spike*  The 
response  to  the  spike  is  obtained  from  an  analog  computer  simulation  in 
which  a  large  nuober  of  degrees  of  freedom  are  included.  Using  this 
approach  wind  shear  loads  are  determined  by  superposition  of  the  loads 
due  to  the  slow  time-varying  portion  of  the  profile  and  the  loads  due  to 
the  spike*  The  use  of  the  principle  of  superposition  is*  of  course* 
spplicable  only  for  linear  systems*  When  a  nonllneeurity  consisting  of 
limiting  the  xtozzle  angle  is  included  in  the  problem*  the  values  of  the 
variables  determined  from  the  slow  time- varying  solution  at  the  point 
corresponding  to  the  start  of  the  wind  spike  are  used  as  initial  con¬ 
ditions  for  the  analog  solution*  The  nonlinearity  is  simulated  only  on 
the  analog  in  this  analysis* 

Both  of  the  approaches  described  above  depend  on  the  assumption  that 
all  the  coefficients  may  be  considered  constant  during  the  passage  through 
the  spike*.  For  comparison  purposes*  digital  solutions  have  also  been 
obtained  for  the  response  to  the  complete  profile  with  time-varying 
coefficients*  The  advantages  of  the  larger  zunuber  of  degrees  of  freedom 
included  in  the  analog  simulation  are  weighed  against  possible  loss  in 
accuracy  due  to  the  assumption  of  constant  coefficients* 
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The  analysis  shows  that  the  assunrption  of  constant  coefficients  does 
indeed  noticeably  affect  the  results,  and  that  as  few  as  four  degrees  of 
freedom  are  edequate  for  predicting  the  response  to  the  wind  spike. 
Therefore,  a  digital  solution  of  the  equations  of  a  four  degree  of  freedom 
system  with  time -varying  coefficients  for  the  response  to  the  spike  has 
been  obtained.  Final  wind  shear  loads  have  been  determined  by  super¬ 
position  of  the  responses  to  the  spike  and  to  the  slow  time-varying 
portion  of  the  profile,  both  obtained  by  digital  solution  of  equations 
with  time -varying  coefficients. 

The  studies  designed  to  investigate  the  effects  of  the  number  of 
degrees  of  freedom,  control  system  leigs  and  nozzle  inertia,  fuel  slosh, 
and  parameter  variations  on  loads  have  been  conducted  on  the  analog  making 
the  assuB^tlon  of  constant  coefficients. 

Although  wind  shear  is  the  major  contributor  to  bending  leads,  gusts 
also  produce  significant  bending  loads.  In  the  gust  problem,  the  vehicle 
is  represented  mathematically  by  the  same  set  of  differential  equations 
used  in  the  wind  shear  analysis.  The  forcing  function  consists  of  either 
a  discrete  gust  profile  or  a  random  gust  velocity  defined  in  terms  of  its 
power  spectrum  and  probability  distributions.  The  assumption  of  constant 
coefficients  is  laade  in  both  the  discrete  and  power  spectral,  gust  studies. 
The  discrete  gust  solutions  have  been  obtained  on  the  analog,  and  the 
power  spectral  analysis  has  been  auicomplished  by  means  of  a  digital 
coaqniter  program  vhlch  conputea  the  frequency  rei^nse  functions,  the 
integrated  output  power  spectra,  and  the  characteristic  frequencies  of 
loads.  '  The  boost  phase  is  divided  into  altitude  bands,  and  the  coefficients 
for  each  power  spectral  solution  are  based  on  the  average  conditions  within 
a  hand. 


Formulation  of  Equations 

A  derivation  of  the  basic  flight  equations  of  motion  of  the  vehicle 
is  given  in  .^pendlx  C  using  body -fixed  axes. 

The  motions  of  the  ^stem  in  the  flight  loads  problem  are  described 
in  terms  of  the  following  degrees  of  freedom;  translation  normal  to  the 
vehicle  axis,  pitch,  elastic  deformation  in  the  normal  vibration  modes, 
the  first  slosh  modes  in  the  first  stage  fuel  and  oxidizer  tanks,  and 
swiveling  of  the  engine  nozzles.  All  motions  cure  assumed  to  be  in  the 
plane  of  the  trajectory,  and  no  extensional  modes  were  included.  The 
external  forces  acting  on  the  system  are  aerodynaMc  forces  due  to  wind, 
gusts,  and  the  motions  of  the  vehicle.  The  engine  thrust  due  to  exlt';- 
pressure  and  mass  efflux  from  the  system  is  treated  as  an  external  force. 
The  nozzles  are  considered  hinged  at  the  swivel  axis  location;  but  they 
are  restrained  by  the  hydraulic  actuator  lin]»ge.  With  the  hydraulic 
valves  viiich  supply  fluid  to  the  actuator  cylinder  closed,  the  nozzles 
can  be  forced  to  swivel  by  stredning  the  elastic  linkage  and  trapped 
hydraulic  fluid.  The  nozzles  have  a  certain  natural  swiveling  frequency 
with  the  valves  closed  which  is  d||>endcnt  on  the  moment  of  inertia  of 
the  nozzles  about  the  swivel  axis  and  the  spring  effects  mentioned  above. 


Ii7 
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The  position  of  the  actuator  piston  can  he  changed  by  allowing  hydraulic 
fluid  under  pressure  to  flow  to  the  appropriate  side  of  the  piston  in  the 
cylinder  while  unpressurized  fluid  is  pushed  out  of  the  other  side  of  the 
cylinder.  The  means  by  which  the  hydraulic  flow  is  controlled  will  be 
discussed  later. 


Equatioas  for  vehicle  bending  moments  and  net  panel  loads  on  the 
glider  are  derived  by  the  force  summation  method.  In  this  method,  panel 
loads  are  detennined  by  summing  the  aerodynamic  and  inertia  forces,  ex¬ 
pressed  as  functions  of  the  generalized  coordinates,  their  derivatives, 
and  the  wind  velocity. 

Bending  moments  are  found  by  a  summation  of  panel  loads  times  appropriate 
moment  arms.  For  the  four  aft  bending  moment  stations,  the  loads  aft  of 
the  station  are  summed.  Therefore,  components  of  the  thrust  force  due  to 
thrust  vectoring  and  bending  times  appropriate  moment  arms  are  included 
in  the  summation  for  the  bending  moments  at  these  stations. 

The  equations  of  motion  used  in  the  boost  flight  loads  analysis  are 
obtained  from  Eqn.  0^-35)  through  (C-^tO).  The  following  assunpitions 
€0*6  made: 

1)  The  solution  of  Eqn.  (C-36)  is  assumed  known. 

2)  Iq  =  0.  The  rotary  inertia  of  the  engine  nozzles  about  their  own 
c.g.  is  assumed  zero.  This  is  consistent  with  the  assiuQitlon  made 
in  calculating  the  mode  shapes:  that  the  rotary  inertias  of  the 
individual  masses  about  their  own  c.g.'s  are  zero. 

3)  *  (q,  (4- 

terms  arising  from  this  quantity  are  very  small  in  con5)etriBon  to 

■  «  /  Jm\  M  >•  •  a* 

Bnd.  q^  . 

4)  y .  a  0.  Structural  dancing  is  neglected,  since  it  is  very  small 
collared  to  aerodynamic  damping. 


•cne  pares  or  h\A)  ana  mu;  wnicn  are  lunceions  or  q^. 


The  generalized  forces  of 

9  (A)  . 

^z  1 

aerodynamic  origin  are: 

(lV-1) 

(A) 

=  ZIn^x 

1 

(IV-2) 

S 

(A) 

(lV-3) 

where 

- 

normal  aerodynamic  force  on  segment  i. 

X 

= 

distance  from  the  centroid  of  segment  1  to  the 
vehicle  mass  center,  positive  forward. 

h 

m 

nodal  value 

at  the  centroid  of  segment  i  in  the  mode. 
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Tke  Mrodynaade  forces  on  the  gUdstr  segnente  are: 

Hi  -  Pi^  a.  C„  aC.  (1  -  1  to  30) 

2  ^  ^ 

nhere 

/  ■  air  density 

V  «■  velocity  of  air  8tre«|  relative  to  the  vehicle 

3]^  ■  pleaferm  area  of  1^^  segnent 

Cji  •  rate  Isf  chaage  of  noraal  force  coefficient  vlth 
«  angle  of  attack  (lift  curve  slope) 

^  ±  ••  local  angle  of  attack  on  1^^  segsent 


The  air  density  la  obtained,  assualng  a  standerd.  ataosphere.  In  the  vlnd 
shear  problem  the  parallel  coiqponent  of  the  vlnd  velocity  Is  included  In 
the  relative  velocity.  The  variation  of  lift  curve  slope  with  Mach  number 
used  In  the  analysis  Is  shown  in  figure  IV-3.  local  angle  of  attack  In 
terms  of  the  generalised  coordinates  and.  the  vlnd  velocity  is: 


“‘i**  - 


Y 


't 


90  t 


sin 


(IV-5) 


The  lift  on  each  segsent  is  assumed  Independent  of  the  lift  on  the  other 
segasats.  Uasteaiy  lift  effects  are  not  Included. 


The  aerodynaolc  forces  on  the  booster  are: 


+  2Vqg4  2vZ<j>j  ^qg  )  -  ] 


(1  -  31  to  47) 


(lV-6) 


where  o^  ^  Is  as  defined  above  and  b  and  X  are  idiown  below. 


- - 

pu) 
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Equation  IV-6  Is  darlvabla  from  nontentum  theory. 


The  generallEcd  forces  for  the  nozzle  svlvellng  degree  of  freedom 

are: 

\  (C)  .  -2  -  V  V  (ij  -  (^‘T) 

vhere  S  «  actuator  pohltlou  measured  In  terms  of  nozzle  swivel  angle 
^  coomanded. 


(C)  is  treated  as  an  external  moment  acting  about  the  nozzle  swivel 
The  values  of  andzO^  used  are  typical  of  engines  of  this  size. 


The  equations  of  motion  as  used  in  the  boost  flight  loads  analysis 
appear  as  written  below.  Certain  equations  are  omitted  In  some  of  the 
studies^  as  inileatcd  In  the  subsequent  discussions. 


Equations  of  Hotlen: 

-1  )  (  s -Z  = 

,  (X  )  (  gain  ^  )  qg  +  T  (  \ 

(Z  We  -  ^  ./I  = 

-  ■o-^  ( -msi )  <1,  (<ix  ♦  8 

♦TXp  (  qj  +  qj  )  ♦  ^  \X 

"j  ’ti  = 

2 

*<x  ♦  )  q, 

♦  T<P^  (Xp)  (  qg  ♦  ^  (Xp)  <Jj  )  +  4  h^i 


(lV-8) 


)  <lx  +  5  V^£l  ^V*£l^^^x  ♦ 


^a^£i  [  ♦  V©  )  -  ^‘‘i©  -  ^  4>J  = 

“  ^  ^  *  (gsin^)  qg] 

•o^  (  +  Mg  ^  -  *^©  -  ]  = 

)  qj)  +  (gsinS^)  ] 
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Aerodynaailas 


Several  theories  are  considered  for  calculating  the  aerodynansic 
forces  on  the  vehicle  foi*  the  boost  phase.  The  Mach  nuaber  from  launch 
until  the  vehicle  has  passed  throu^  the  altitude  band  where  high  vd.nd 
shear  is  encountered  varies  from  zero  to  about  2.0.  Aerodynamic  forces 
at  much  hl^er  Mach  numbers  are  not  of  interest  since  the  dynamic  pressure 
drops  off  rapidly  as  altitude  and  Mach  number  increase.  The  theories 
considered  are  momentum  theory,  piston  theory,  linear  first  order  super¬ 
sonic  theory,  and  a  semieopirieal  theory  which  assumes,  a  piston  theory 
lift  dlstrih\rtion  with  a  lift  curve  slope  based  primarily  on  experimental 
data. 


The  aerodynamic  forces  on  the  booster  are  in  all  cases  calciU^ted 
by  momentum  theory.  In  this  particular  configuration,  the  aerodynamic 
forces  on  the  booster  are  almost  insi(ptdflcant  when  conpared  to  those 
on  the  glider.  Therefore,  ary  theory  which  predicts  the  correct  order 
of  magnitude  of  the  aerodynamic  forces  on  the  booster  is  considered 
satisfactory,  and  no  time  has  been  spent  studying  other  possible  methods 
of  calculatl^  these  forces. 

Flight  loads  are  found  to  be  quite  sensitive  to  the  aerodynamic 
forces  on  the  glider;  hence,  considerable  thou^t  is  given  to  glider 
aerodynamics.  The  aspect  ratio  of  the  glider  is  low  enough  so  that 
momentum  theory  is  considered  e^llcable.  However,  momentum  theory  has 
several  shortcomings.  First,  this  theory  predicted  significant  lift 
forces  due  to  angle  of  attack  only  on  the  portion  of  the  glider  in  which 
the  Bpen  Increased  with  glider  length.  Thus  the  large  area  lying  between 
the  stral^t  wing  tips  has  no  angle  of  attack  dependent  aerodynamic  forces 
on  it.  Second,  momentum  theory  in  its  slaple  form  does  not  refleet  changes 
in  the  aerodynamic  forces  due  to  qpanvlse  elastic  deformations  on  the  wing. 
Third,  moamntum  theory  dx)es  not  reflect  the  effect  of  Mach  number  on  angle 
of  attack  dependent  aerodynamic  forces. 

Althou^  the  Mach  xnsober  range  of  Interest  in  the  flight  loads 
analysis  is  below  the  range  of  appllcablll-ty  of  piston  theory,  this 
theory  is  considered  attractive  because  of  its  simplicity  and  because 
the  effect  of  elastic  deformations  on  local  angle  of  attack  and  the 
resulting  acro«^]maiiiie  forces  can  be  included.  The  lift  distribution 
calculated  using  piston  theory  appeaz**;.  somewhat  more  reasonable  than 
the  distribution  predicted  by  mmaentum  theory. 

In  order  -to  have  a  basis  for  evaluatl^  the  lift  distributions  pre¬ 
dicted  by  momemtum  theory  and  piston  theory,  lAiich  are  considered  the 
most  •aibily’  ad^table  theories  for  dynamic  aeroelastic  studies,  a  steady 
state  lift  distribution  for  the  rigid  glider  has  been  calctilated  using 
llnaaitt’flrst  order  supersonic  theory.  The  calculation  has  been  made  for 
several  angles  of  attack  so  that  the  irate  of  change  of  normal  force  with 
angle  of  attack  can  be  determined.  This  calculation  has  been  made  for 
only  one  Mach  number,  that  corresponding  to  the  maiclwan  dynamic  pressure 
during  boost.  Althou^  this  theory  predicts  the  pressure  distribution 
more  realistically  than  either  piston  theory  or  mooentum  theory,  it  is 
not  easily  adspted  to  describing  aerodynamic  forces  on  an  elastic  body 
whose  shape  Is  varying  with  tlsie. 
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The  approach  finally  decided  upon  for  cal-culating  the  aerodynamic 
forces  ,ia  a  semienpirical  theory  ■which  assunes  a  piston  theory  distribution 
with  a  lift  curve  slqpe  "based  on  the  rigid  glider  lift  curve  slope  calcu¬ 
lated  "by  linear  supersonic  theory  for  one  Mach  number  and  based  on  experi¬ 
mental  wind  tunnel  data  from  similar  configurations  for  other  Mach  numbers. 
Fig.  IV-3  shews  the  estimated  variation  of  glider  lift  curve  slope  ■with 
Mach  number  which  is  used  in  the  flight  leads  analyses.  Plots  of  glider 
lift  curve  slope  versus  Mach  nvunber  for  piston  theory  and  mementum  theory 
are  also  shown  for  conparison.  The  sero  Maich  n#iber  lift  curve  slope  is 
based  on  the  ejqperimental  point  indicated.  In  the  subsonic  regime  a 
typical  Prandtl-eiauert  -variatien  is  assumed^  and  a  typical  transonic 
variation  is  also  assumed.  The  low  supersonic  part  of  the  curve  is  drawn 
through  the  point  based  on  linear  first  order  supersonic  theory.  As  the 
Mach  number  Increases,  the  assumed  curve  approaches  the  piston  theory 
curve  which  agrees  quite  well  with  the  e:g^rlinental  da^ba  for  Meich  niunbers 
between  three  and  four.  Although  the  assumed  curve  is  based  on  a  rather 
limited  quaixtity  of  data,  it  is  probably  better  than  either  of  the 
-theoretical  curves  shown.  It  is  expected  that  in  general  sufficient  wind 
tunnel  data  to  define  such  a  curve  would  be  available  before  a  final  loads 
analysis  is  required. 

Fl^.bZV-4  shows  a  cesparlsen  of  glider  lift  distributions  based  on 
various  methods.  Tws  possible  assuiiptions  -which  would  improve  the  momentum 
theory  lift  distribution  are  considered.  In  one  of  these,  the  leading  edge 
is  swept  back  further  to  form  a  delta  -wing  of  the  same  span  as  the  actual 
plaxifoxm,  and  in  the  other  triangles  are  added  to  the  tips  to  form  a  large 
delta  wing.  In  the  case  where  the  leading  edge  is  s-wept  back  further,  -the 
total  lift  predicted  remained  the  same  as  that  predicted  by  applying 
mamentum  theory  to  the  original  planferm.  Since  the  effect  of  local  angle 
of  attack  -variatien  due  to  the  elastic  deformation  can  be  accounted  fer 
easily  using  the  platen  theory,  and  the  -total  lift  can  be  adjusted  as  de¬ 
sired  by  using  a  value  of  On  other  than  U/m,  it  is  decided  to  use  -the 
platen  theory  -with  a  modifiea  On  for  calculatlzig  aerodynamic  forces  on 
the  gUder. 


Critical  Altitude  and  Wind  Direction 

$ 

Simca  the  meat  critical  altitude  frem  the  standpoint  of  bending 
leads  la  net  alwaya  Mat  critical  from  the  ataual^int  of  coaoibined  loads, 
it  is  aeBBtimea  nacaasaxy  to  determine  wind  shear  loads  resulting  from 
se-veral  wind  profiles  with  the  altitude  of  -the  ^Ike  varied  between  30,000 
and  l^Si,000  feet.  However,  one  of  the  altitudes  at  which  the  q^lkc  should 
be  located  Is  -the  one  -which  -will  produce  the  maxima  "bending  loads.  In 
the  present  atu^  wind  shear  leads  due  to  a  complete  wind  profile  arc 
determined  only  ,  for  the  profile  with  the  spike  located  at  this  mott  bending 
eiltleal  altltuio,  sinee  one  such  analysis  is  sufficient  to  Illustrate 
methods  and  investigate  effect  of  refinements  and  Iqpertanee  of  parametars. 

In  determining  the  altitude  at  which  to  loca-te  the  spike,  it  is 
assumed  that  bending  mMents  -will  "be  highest  if  the  qpike  is  at  ths  alti¬ 
tude  which  produces  the  greatest  incremental  lift  on  the  glider  due  to  a 
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given  wind  velocity.  The  altitude  hand  of  30,000  to  45,000  feet  is  con¬ 
sidered,  since  the  present  wind  ci-lteria  male  no  provision  for  locating 
the  spike  outside  this  hand.  Furiiher  research  may  indicate  that  in  some 
cases  a  spike  located  outside  this  hand  with  a  reduced  maximum  wind 
velocity  should  he  used.  The  lift  on  the  glider  due  to  the  wind  velocity 
Is: 


where 


1/2  /^(V^  +  cos  )  Cj}^  S  sin 

laetwaental  lift  due  to  the  wind  velocity 
air  density 

velocity  of  the  vehicle  relative  to  the  earth 

horisontal  wind  velocity 

inclination  of  vehicle  from  horizontal 

glider  lift  curve  slope 

glider  wing  area 


(CV-9  ) 


The  above  esqpressien  is  evaluated  at  a  nmniber  of  altitudes  within 
the  30,000  to  45,000  foot  band,  holding  constant  at  300  feet  per  second 
and  lotting  Va,  y'*  and  Cjj^  vary  ewcordlng  to  the  altitude.  The 

largest  value  of  Ly  within  the  hand  occurred  at  the  lover  limit  of  the 
hand,  30,000  feet;  therefore,  the  wind  Efplke  is  located  ato  30,000  feet 
for  the  wind  shear  eaa^qild.: 

It  is  assvuaed  that  maxlcnan  bending  mements  will  he  produced  by  a 
wind  profile  if  the  vehicle  is  oriented  so  that  the  conponent  of  the  wind 
nozml  to  the  glider  lifting  surface  is  a  maximum.  Since  launching  into 
the  wind  tends  to  increase  the  dynamic  pressure,  the  most  critical  direction 
for  launeh  is  directly  \q>wind. 

Although  the  launch  directly  upwind  is  censldered  most  critical  for 
booster  bending  moaonts  and  also  glider  panel  loads,  au^.analysis  of  the 
cross  wind  condition  should  he  conducted  to  determine  the  loads  on  the 
vertical  fins  en  the  glider.  The  same  methods  as  the  bending  loads 
analysis  should  he  used.  However,  the  numerical  values  of  the  coefficients 
in  idle  equations  of  motion  and  load  equations  will  he  differenb.  Such  an 
analysis  is  net  performed  since  nothing  new  would  he  illustrated  by  it. 


C.  PARAMUl'ER  SGJWIIES 

1.  cqMTRaL  sracm 

The  results  of  analog  coasputer  studies  of  dynamic  loads  on  the  boost- 
glide  vehicle  due  to  passage  throu^  a  layer  of  hi^  wind  shear  indicate 
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that  control  system  characteristics  have  a  significant  effect  on  loids. 

M  investigation  is  made  to  determine  the  degree  of  refinement  in  control 
system  representation  required  to  give  sufficiently  accurate  dynamic 
loads  solutions.  The  effect  of  variations  in  control  system  gains  and 
'Mmaim  locations  on  loads  is  8Q.so  studied.  A  sisple  method  of  choosing 
control  Eastern  gains  for  use  in  dynamic  loads  analyses  in  the  absence  of 
detailed  control  system  design  information  is  developed  and  is  presented 
in  Appendix  D.  The  method  considers  the  effect  of  flexibility  on  control 
gain  requirements. 

Since  the  vehicle  is  statically  unstable  in  pitch  without  controls, 
it  is  necastary  to  design  a  pitch  control  system  before  any  flight  loads 
studies  can  be  attenpted.  Lacking  any  detailed  Information  on  control 
requirements  for  this  vehicle^  it  is  decided  that  the  pitch  control  system 
should  provide  an  undaaqped  natural  pitch  frequency  of  one  half  cycle  per 
second  and  a  damping  in  pitch  of  six  tenths  critical.  The  choice  of  fre> 
quency  and  damping  is  somewhat  arbitrary;  however,  the  values  chosen  are 
typical  of  those  which  provide  a  desirable  short  period  response  in  manned 
aircraft. 


Descrtption  of  Control  System  Representations 

In  the  boostogllde  vehicle  being  studied,  pitch  control  is  provided 
by  means  of  thrust  vectoring.  In  the  simplest  representation  of  the  con¬ 
trol  system,  the  noeele  swiveling  angle  is  given  by  the  following  equation: 


where 


Kg  qg  +  Kj  ^  (lV-10) 

noesle  swlvellisg  angle 

incremental  pitch  angle  (the  difference  between 
the  actusQ.  pitch  attitude  and  the  programned 
pitch  attitude) 

pitch  rate 

attitude  gain 

rate  gain 


Although  the  system  described  by  Eqn.  (lV-1©)  is  not  a  physically 
attainable  system,  it  is  frequently  used  in  preliminary  dynamic  .loads 
analyses  in  which  the  control  system  dynamics  are  not  of  primary  interest. 

The  first  refinement  included  in  the  representation  of  the  control 
system  Is  to  locate  the  sensors  on  the  vehicle  and  allow  them  to  sense 
the  pitch  attitude  and  rate  of  the  stations  on  the  vehicle  at  which  they 
are  located.  Thus  slope  and  rate  of  change  of  slope  in  the  flexible  modes 
are  sensed  in  addition  to  rigid  pitch  and  pitch  rate.  The  equations  for 
the  pitch  attitude  and  rate  sensed  are: 
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(XV-13} 


Vhare: 


0 

8 


J 


Incremental  pitch  attitude  sensed 

slope  of  thie  node  shqpe  at  the 
attitude  sensor  station 

slope  of  the  node  sh^pe  at  the 
rate  sensor  station 

generalised  coordinate  for  the 
flexible  node. 


(lV-12)* 


7or  the  shove  system,  Bqn.  (ly-lO)  Is  modified  by  replacing  rigid  pitch 
sad  pitch  rate  vlth  the  pitch  attl^dbs  and  rate  sensed. 


(Ij  -  ®8  **•  *0  ®#  (lV-13) 

The  eystem  described  by  S(p.  (XV-13)  also  represents  a  very  Ideeaised 
control  vystSB,  not  physically  attainable.  The  next  step  Is  to  consider  a 
typical  control  eystea  dn  vhieh  the  netsles  are  sviveled  by  neans  of  a 
hydraulic  actuator.  In  this  cystem,  the  signals  frcm  the  sensors  are 
added  and  then  passed  thrcui^  a  filter  designed  to  attenuate  the  high  fre¬ 
quency  signals  due  to  response  In  the  higher  flexible  modes.  The  filtered 
signal  is  ccaibixied  with  a  feedback  proportional  to  the  nozzle  actuator 
position  to  produce  a  hydraulic  error  signal  idiieh  coHsands  a  valve 
position.  The  valve  allovs  a  tgrdraulic  floe  rate  proportional  to  valve 
position, iaaintiex'sate  of  change  of  nozzle  actuator  position  Is  in  turn 
proportional  to  the  hydzeullc  flov  rate.  The  nozzle  is  driven  by  the 
actuator,  and  the  nozzle  position  differs  from  the  actuator  position  by 
an  asnunt  properblenal  to  the  strain  in  the  actuator.  Nozzle  inertia, 
dai^lng,  and  the  restoring  torque  due  to  the  axial  acceleration  of  the 
vehicle  (pendulum  effect)  resistp  the  svlvellng  of  the  nozzles  by  the 
actuator.  The  eqfuatlons  representing  the  above  system  are: 


-  K«®a+  Ki®s  (iV-m 

.  Tj^ih  -  V,  -  A  (lV-15) 

-  A  -  (lV-16) 

*It  is  noted  that  Og  Is  not  ths  tins  derivative  of  0,  except  In  the  special 
east  vhere  the  sensors  are  located  at  the  same  station. 
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(IV-IT) 


+  (inertia  coupling  terms) 


-2  ^*^4^ 


+  (moments  due  to  carried  field 
acceleration) 


vhere: 


«a 


«  sum  of  the  sensor  outputs 

■  filtered  sum  of  the  sensor  outputs 

m  actuator  positien  measured  in  terms  nozzle 
svivel  angle  commanded 

«  time  constant  of  the  fi^er 

m  hydraulic  lag 

m  nozzle  sviveling  inez^ia 

«  .  natural  swiveling  frequency  of  nozzles  with 
hydraulic  valve  closed 

a  nozzle  daxqping  ratio 


In  transfer  function  fom^  the  above  control  system  is  represented  as 


Ka  Ka  8 


(1  +  Tj^s)  (1  +  Tgs)  (1  +  g^o  i  +  ^) 


(lV-18)* 


‘•'o 


vhere 

8  «  Laplace  transform  variable. 

The  hydraulic  system  lag  arises  because  the  filtered  sensor  signal 
esaentlally  conmands  a  swiveling  rate  prc^rblonal  to  the  difference  between 
the  desired  and  actual  eustuator  position  instead  of  commanding  a  position. 
The  swiveling  ftmtueney  used  in  Eqp,.  (IV-18)  includes  the  effect  of 
hydraulic  fluid  ca^treBslblllty  as  well  as  actuator  coiqpliance. 

Althou^  the  control  system  described  by  E^.  (lV-l6)  is  much  more 
realistic  than  those  described  by  Sqn.  (IV>10)  and  (IV>13)}  many  effects 
have  been  left  out  which  will  have  to  be  Included  if  the  eiq>ha8is  is  on 
the  servo-ayatem  instead  of  dynamic  loads.  However,  the  first  order  lags 
idileh  are  nsgleeted  are  small  in  coa^arlson  with  the  lags  idilch  have  been 
Included,  and  the  frequaneles  associated  with  the  effects  which  are 
neglected  are  above  the  frequency  spectrum  of  interest  in  dynsadc  loads 
problems.  Among  the  effects  neglected  are  gyro  lags,  dead  zones,  drift, 
and  fMquaney  response,  valve  dynamica,  and  hydraulic  fluid  leakage. 

*Tha  transfer  fxmction  notation|  although  not  strictly  correct  unlfsrs 
la  the  time  derivatlTe  of  is  used  in  the  figures  to  conseinre 
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Also,  In  .  as  actual  syatam  the  skiing  aetwarks  wiuld  probab..,.'  consiist  of 
more  than  a  alagla  slaple  filter  circuit.  lieferenee  49  daacribes  in  xaor-^a 
iatail  a  control  system  similar  to  the  one  dascri'bed  here.  Siii^le  xaodi- 
flcations  in  the  analog  circuit  are  used  to  vary  the  control  system  from 
the  very  slmtlest  as  described  by  Bqn.  (lY-lO)  to  the  con^lete  system  as 
described  by  Eqn.  (1V-1&).  Degroes  of  freedom  are  easily  added  or  removed 
from  the  simulation  by  turning  off  the  appropriate  amplifiers.  The  first 
order  lags  are  Included  or  removed  by  modifying  amplifier  feedbacks.  The 
analog  simulation  for  the  control  systaa  Is  shovs,  in  Appendix  G. 

Results 


The  affects  om  the  transient  reqponaas  and  maximum  loads  of  variations 
in  eomplaxity  of  control  syatam  representation*  gains,  and  sensor  locations 
are  ftmoastigetod.  It  is  found  that  the  addition  of  a  flexible  mode  or  an 
additional  complexity  in  control  system  representation  has  a  marked  effect 
on  the  req^nses,  but  in  each  case  proper  adjustment  of  the  gains  brings- 
the  frequency  and.  back  to  approximately  vdiat  they  are  for  the 

rigid  vehicle  vlth  the  simplest  control  system  representation.  Thei'efore, 
it  Is  conaldared  desirable  to  develqp  a  mathad  for  predicting  the  proper 
gain  settings  in  advance  for  any  given  representation  of  the  vehicle  and 
control  system.  Such  a  methed  mould  find  eppUeatlon  In  the  selection  of 
gains  for  digital  solutions  of  flight  leads  problems,  where  it  would  be 
uneconomleal  to  use  a  trial  and  error  method,.  A  method  of  predicting  gain 
settings  to  provide  the  desired  pitch  frofueney  and  damping  including  the 
effect  of  flexibility  is  developed  in  Appendix  D.  The  method  is  based  on 
the  asauq^tlon  that  the  response  In  the  flexible  modes  is  essentially 
static. 

The  gains  to  provide  l/2  cps  and  .6  critical  daqplng  in  pitch  for 
the  rigid  vehicle  with  the  simple st  eontrel  system  representation  are 
Kq  ■  7.2  and  Kq  ■■  .919.  When  theaa  gain  aattinge  are  used  with  a  siiou- 
latian  including  one  flexible  node  in  which  rigid  plteh  only  Is  sensed, 
the  pitch  fTefuency  and  dai^ing  are  both  greatly  reduced.  When  a  second 
flexible  mode  is  added  to  the  slailatlon,  the  frequez^y  and  daaplng  are 
increased  allf^tly.  The  reason  for  this  is  that  the  second  node  is  pri¬ 
marily  a  wing  plate  mode  idileh  deforms  imder  lead  so  as  to  reduce  angle 
of  attack  and  therefore  reduces  the  dastabillEing  aerodynamic  pitching 
moment  on  the  vehicle.  The  first  mode  is  primarily  a  vehicle  beam  bending 
made  whlah  Imcraases  the  glider  angle  of  attack  and  therefore  increases  the 
destahllislni  pitching  asmsnt.  The  gains  required  for  the  flexible  vehicle 
predicted  by  the  method  of  Appendix  D  are  10.23  and  1.0T6  as  cempared  to 
the  7*2  and  .919  used. 

the  sensors  are  allowed  to  sense  bending  as  well  as  rigid  pitch. 
In  this  case,  the  attitude  sensor  is  located  in  the  glider  and  the  rate 
sensor  Is  located  at  the  nossle  swivel  axis  location.  When  the  attitude 
sensor  Is  located  in  the  glider,  the  ratio  of  qg  to  Og  is  sueh  that  the 
effective  attitude  gain  is  hli^r  than  the  gai^setting.  Thus,  in  this 
case,  the  gain  setting  of  7>2  provides  adequate  pitch  stiffness  whereas 
it  does  not  in  the  cases  where  only  rigid  pitch  is  sensed.  ’She  response 
time  histories  for  this  case  are  shown  in  Fig.  IV-5> 
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In  Fig*  lV-6,  a  comparison  is  made  of  the  maximuffl  bending  moznent 
diagrams  for  the  rarious  representations  of  the  Tehicle  with  the  simple 
nonlagged  control  system.  The  effect  on  loads  of  adding  one  and  two 
flexible  modes  to  the  rigid  vehicle  simulation  and  effect  of  sensing 
bending  as  well  as  rigid  pitch  are  shown.  The  addition  of  each  flexible 
mode  to  the  simulation  has  a  marked  effect  on  loads.  Allowing  the  sensors 
to  sense  banding  as  well  as  rigid  pitch  also  has  a  marked  effect  on  loads, 
since  the  effective  gains  are  changed  wnen  bending  is  sensed. 

Next  the  effects  of  adding  first  order  lags  and  nozzle  inertia  to 
the  control  system  representation  are  investigated.  It  is  found  that  the 
effect  of  each  first  order  lag  and  nozzle  inertia  is  to  reduce  damping. 

The  original  balue  of  Kq  S  .9^9  does  not  provide  sufficient  damping  for 
stability  if  more  than  one  lag  is  included.  However,  this  loss  of  damping 
is  compensated  for  by  increasing  Kq,  and  setting  *  2.4  provides  a 
satisfactory  response  whan  both  first  order  lags  and  nozzle  inertia  are 
included.  The  time  histories  of  the  responses  for  this  case  are  shown 
in  Fig.  IF-?. 

Fig.  I7-S  shows  a  comparison  of  maximum  bending  moment  diagrams  for 
the  representations  of  the  control  system  with  lags.  Two  flexible  modes 
are  included  in  each  of  these  simulations,  and  bending  is  sensed  as  well 
as  rigid  pitch  in  each  case.  The  differences  between  these  cases  are  in 
the  number  and  order  of  lags  in  the  control  system  and  in  tne  adjustment 
of  the  rate  gain  setting.  The  maximum  banding  moments  are  not  greatly 
a'ff acted  by  tne  control  system  lags,  provided  the  gain  settings  are 
properly  adjusted.  The  one  curve  that  lies  considerably  above  the  others 
corresponds  to  the  case  where  Kq  is  not  increased  to  compensate  for  the 
loss  in  damping  due  to  the  addition  of  a  lag.  The  gain  settings  for 
these  cases  are  determined  by  trial  and  error  on  the  analog. 

Fig.  IV«9  shows  a  comparison  of  bending  moment  diagrams  similar  to 
those  in  Figs*  17-6  and  17-8*  The  gains  used  in  obtaining  these  solutions 
are  predicted  by  the  method  described  in  Appendix  These  loads  are  due 
to  the  130  fps  spike  shown  on  the  figure,  whereas  the  loads  in  the  previous 
cases  are  due  to  a  76  fps  spike.  The  agreement  of  the  bending  moment 
diagrams  in  Fig.  17-9  cases  in  which  bending  is  sensed  is  so  close 

that  differences  can  not  be  shown  in  the  comparative  plot.  The  control 
systems  in  which  bending  is  sensed  range  in  complexity  from  a  nonlagged 
system  to  one  in  which  tvo'first  .  order  lagst.and' nozzle' iner.tilrare  in^  . 
eluded.  The  close  agreement  of  the  bending  moments  for  the  flexible 
vehicle  shows  that  the  method  satisfactorily  predicts  the  gain  settings 
required  for  the  various  control  system  representations  used.  One  may 
also  conclude  from  these  curves  that  a  fairly  simple  control  system 
representation  is  adequate  for  loads  studies,  since  the  lags  and  nozzle 
inertia  do  not  have  a  large  effect  on  the  loads  if  the  gain  settings  are 
properly  adjusted.  It  is  not  intended  here  to  imply  that  a  simple  control 
system  would  be  adequate  for  determining  stability  boundaries.  Also, 
nozzle  Inertia  may  be  more  important  in  other  configurations  having  more 
massive  engines  relative  to  their  total  mass. 
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A  Study  of  the  effect  on  loads  of  variation  of  gain  settings  is 
made  vith  the  control  system  representation  which  includes  two  first 
order  lags,  the  nozzle  swiveling  degree  of  freedom,  and  sensors  located 
in  the  glider  (attitude  sensor)  and  at  the  nozzle  swivel  axis  location 
(rate  sensor).  First  Kq  is  varied  throughout  the  stable  range  keeping 
the  ratio  Z  1*9o,  ^'he  loads  have  been  recorded  and  the  results 

are  plotted  in  Fig.  IV-10.  The  loads  are  greatly  affected  by  the  variation 
in  £o*  AQd  increasing  £q  reduces  the  loads.  The  minimum  loads  are  obtained 
with  the  maximum  Kq  which  provides  stability.  One  might  expect  that  a 
gain  setting  wall  within  the  stable  range  will  provide  minimum  loads,  but 
this  does  not  prove  to  be  the  case.  Slightly  below  the  low  gain  stability 
boundary  the  transient  response  is  a  divergent  pitching  oscillation  in 
which  the  second  peak  is  higher  than  the  first,  and  so  on.  However,  in 
the  vicinity  of  the  high  gain  stability  boundary,  the  maximum  load  occurs  on 
the  first  peak,  in  phase  with  the  wind  spike.  Then,  if  the  gain  is  slightly 
above  the  stability  boundary,  a  divergent  pitching  oscillation  of  higher 
frequency  gradually  builds  up.  The  amplitude  of  the  first  peak  decreases 
as  the  gain  setting  Increases;  therefore,  the  maximiun  gain  setting  which 
provides  stability  gives  the  minimum  loads. 

Fig.  IV-11  essentially  shows  the  effect  of  pitch  damping  on  loads. 

In  this  figure  Kq  is  held  constant  at  6.452  and  ii  varied  throughout 
the  stable  range.  A  reduction  in  damping  has  the  affect  of  increasing 
loads,  as  would  be  expected.  The  breaks  in  the  curves  in  Figs.  X7-10 
and  1V>11  occur  at  the  gain  settings  for  which  the  first  and  second  peaks 
in  the  transient  response  are  of  equal  amplitude.  To  the  left  of  the 
break  the  maximum  load  occurs  on  the  second  peak;  to  the  right  the  maximum 
load  occurs  on  the  first  peak. 

The  location  of  sensors  is  also  varied  andthe  effect  on  loads  has 
been  recorded.  Fig.  I7>12  shows  a  tabulation  of  sensors  locations  and  a 
comparison  of  the  bending  moment  diagrams  for  these  locations.  The 
system  is  unstable  for  locations  for  which  bending  moments  are  not  shown. 

A  nonlagged  control  system  which  senses  bending  is  used  for  the  study. 

The  gain  settings  have  been  calculated  for  each  sensor  location  to  provide 
one  half  cps  and  six  tenths  critical  damping  in  pitch  by  the  method 
developed  in  Appendix  0.  As  noted  previously,  the  method  by  which  the 
gaine  are  calculaxed  is  based  on  the  assumption  that  the  modes  deflect 
statically  and  structural  dynamic  effects  may  be  neglected.  If  this  were 
strictly  true  the  curves  in  Fig.  IV-12  would  be  identical  and  all  nine 
pairs  of  sensor  locations  would  provide  a  stable  response.  Sxamination 
of  the  transient  responses  for  each  of  the  nine  cases  shows  that  a  notice¬ 
able  component  at  the  first  bending  frequency  appears  in  only  three  cases. 
These  cases  are  also  the  only  three  in  which  the  rate  sensor  is  located 
forward  of  the  antinode  in  the  first  mode.  Assuming  no  phase  shift  between 
the  rate  sensor  signal  and  the  ccsiponent  of  the  nozzle  motion  proportional 
to  this  signal,  a  rate  sensor  located  forward  of  the  antinode  of  the  first 
mode  provides  negative  damping  in  that  mode.  Of  course,  some  positive 
aerodynamic  damping  exists,  so  the  net  damping  may  be  either  positive  or 
negative.  In  two  of  the  three  cases  (cases  7  &Qd  8)  the  oscillations  at 
the  first  bending  frequency  diverge.  In  the  other  case  (case  6)  the 
ocillation  dies  out. 
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Althou^  it  has  been  conclucLed  that  a  sisgsle  control  system  repre¬ 
sentation  is  adefuate  for  the  dynamic  analysis  of  fli^t  load.s  during 
boost,  it  does  not  follow  that  a  slii5>le  representation  will  suffice  for 
stability  studies.  It  can  be  seen  in  Pig.  IV -9  that  the  very  sii5)lest 
representotlen,  which  does  not  even  Include  the  sensing  of  bending  by 
the  sensors,  gives  almost  the  sane  solution  for  bending  moments  as  the 
most  refined  representation  considered.  However,  it  has  been  shown  that 
for  certain  sensor  locations  the  system  is  unstable.  Bending  must  be 
sensed  in  order  to  discover  these  Instabilities.  Here  is  an  instance 
in  which  the  determination  of  the  stability  of  the  system  is  an  indis¬ 
pensable  peirt  of  the  loads  problem.  Pynamlc  loads  determined  using 
the  simple  control  system  representation  are  meaningless  if  the  system 
being  studied  is  actually  luistable.  Nevertheless,  the  sliple  repre¬ 
sentation  is  useful  in  preliminary  design  work,  where  accurate  estimates 
of  loads  may  he  required  before  the  sensor  locations  are  known. 

In  the  investigation  of  the  effect  of  variatien  of  gain  settings 
on  dynamic  leads  due  to  wind  shear,  instabilities  occur  when  the  attitude 
gain  setting  is  either  too  high  er  too  low.  The  effect  of  control  ^stem 
representation,  rate  gain  setting,  and  overall  structural  stiffness  on 
the  boundarleB  of  the  stable  range  of  attitude  gain  settings  is  determined. 
Since  minimum  leads  result  \dien  the  attitude  gain  setting  is  the  highest 
which  provides  stability,  it  is  necessary  to  accurately  determine  the 
stability  boundary  in  order  to  optimize  the  control  system  freo.  the 
standpoint  of  minimizing  loads. 

In  the  present  analysis,  only  one  point  on  the  trajectory  is  studied-^- 
the  aoe  corresponding  to  the  wind  spike  altitude  during  boost.  Stability 
boundaries  have  been  determlnsd  by  adjusting  the  attitude  gain  setting 
and  observing  the  transient  rcepoaoe  to  a  disturbance  on  thd  analog. 

The  results  are  presented  in  the  form  of  stability  profiles  showing 
the  boundaries  of  ths  stable  Mglon  en  the  attitude  gain  setting  versus 
structural  stiffness  plane.  No  local  stiffness  changes  have  been  investi¬ 
gated,  since  this  would  involve  reemlculatlng  mode  shapes.  Overall  stiff¬ 
ness  chances  are  easily  accospllshed  by  changing  the  natural  frequencies 
of  the  flezlhle  modes.  In  these  stability  studies,  the  sensor  locations 
are  net  changed,  the  attitude  sensor  being  in  the  glider  and  the  rate 
sensor  at  the  nozzle  swivel  axis  location.  Other  cosibinatlenB  of  sensor 
locations  will  of  course  produce  different  stahllity  profiles. 

Fig.  IV-13  shows  the  effect  of  control  system  representation  on 
stability  houndariss.  The  three  profiles  for  representations  where 
bSBdlJOC  is  sensed  shew  an  upper  boundary  as  well  as  the  lower.  The 
primary  effect  of  each  additional  lag  Included  is  to  lover  to  upper 
boundary,  dsereaslng  the  stable  range  of  attitude  gain  setting.  The 
profile  for  the  simple  representation  in  which  bending  is  net  sensed 
does  not  have  an  upper  boundary.  Instead  the  upper  branch  of  the  curve 
is  aayiptetie  to  a  vertlsal  line  representing  the  structural  stlffhess 
at  which  a  static  aoroslastlc  divergence  will  occur.  The  lower  branch 
ia  aagriptotlc  to  a  horizontal  line  ^presenting  the  mlBimum  attitude 
gain  setting  holsv  which  the  vehicle  wsuld  be  unstable  in  pitch.  |It 
is  noted  that  the  attitude  gain  setting  is  considerably  hif^er 
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when  bending  is  not  sensed,  particularly  in  the  low  stiffness  region. 

The  reason  for  this  is  that  the  effective  attitude  gain  is  higher  than 
the  gain  setting  in  the  cases  where  bending  is  sensed  and  the  attitude 
sensor  is  located  in  the  glider. 

The  effect  of  changes  in  rate  gain  setting  on  the  stability 
boundaries  has  also  been  studied.  As  would  be  expected,  increasing  the 
damping  has  the  effect  of  enlarging  the  stable  region. 

The  gain  settings  required  for  one  half  cycle  per  second  pitch 
frequency  as  a  function  of  overall  structural  stiffness  are  also  shown 
in  Fig,  IV-13  for  two  control  system  representations.  The  gain  setting 
required  is  lower  in  the  case  where  bending  is  sensed,  since  the  effective 
gain  is  increased  when  the  sensor  is  forward  in  the  glider. 

The  region  above  the  upper  branch  of  the  stability  profile  is  an 
unstable  region  due  to  structural  and  control  system  coupling.  The 
above  results  show  that  the  location  of  this  upper  branch  is  influenced 
by  damping  and  by  control  system  representation.  Each  refinement  in 
the  mathematical  representation  of  the  control  system  has  the  effect  of 
lowering  the  upper  boundary,  decreasing  the  maximum  stable  gain  setting 
for  a  given  structural  stiffness.  As  mentioned  earlier,  frcm  a  loads 
standpoint,  it  seems  desirable  to  choose  a  gain  setting  quite  close  to 
this  upper  boundary.  In  order  to  do  this,  it  is  necessary  to  locate 
the  upper  boundary  quite  accurately.  This  requires  a  very  good  mathe¬ 
matical  representation  of  the  control  system,  much  more  refined  than 
the  simple  representation  which  is  found  adequate  for  determining  loads. 
The  stability  of  the  vehicle  must  be  determined  along  the  entire  tra¬ 
jectory  and  not  just  at  one  point  as  is  done  in  the  present  study. 

One  of  the  criteria  that  is  used  to  avoid  instabilities  due  to 
structural  and  control  system  coupling  is  to  require  that  a  certain 
minimum  ratio  of  structural  frequency  topitch  frequency  be  maintained. 

The  one  half  cycle  per  second  pitch  frequency  used  in  the  present  study 
yields  frequency  ratio  of  greater  than  five  to  one.  Increasing  attitude 
gain  setting  and  thereby  approaching  the  upper  stability  boundarylowers 
the  above  frequency  ratio,  and  an  accurate  knowledge  of  this  boxindary 
would  permit  the  determination  of  the  minimum  frequency  ratio  which 
would  provide  stability.  An  adaptive  autopilot  which  continuously  main¬ 
tains  the  maximum  gain  setting  providing  stability  would  be  very  desirable 
since  it  would  minimize  dynamic  loads.  The  increasing  size  of  boosters 
stake  the  attainment  of  a  high  frequency  ratio  increasingly  difficult, 
asA  the  attainment  of  a  stable  configuration  vdll  become  correspondingly 
difficult. 


2,  STHTCTURAL  REPRESEWTATIOM 

The  structural  representations  of  the  vehicle  used  in  the  wind 
shear  analysis  vary  from  a  simple  rigid  body  to  an  elastic  body  whose 
motions  are  dtfined  in  terms  of  three  normal  vibration  modes  as  well 
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as  the  rigid  body  degrees  of  freedom.  The  eXaBtlc  modes  bave  bee:a  added 
to  the  simulation  one  at  a  time,  and  the  effect  on  the  bending  loads  due 
to  passage  through  the  vlnd  spike  has  been  observed.  Fig.  IV-l4  shovs  a 
cMvarlson  of  the  bending  moment  diagrams  resulting  from  the  various 
structural  representations.  Neglecting  flexibility  altogether  results 
In  a  serious  underestimation  of  the  bending  loads.  The  first  flexible 
mode  is  primarily  free-free  bending  of  the  booster,  with  very  little 
vlng  deformation.  When  vehicle  motion  or  vlnd  produces  a  lifting  force 
on  the  glider,  the  booster  bends  under  the  load  so  as  to  Increase  the 
glider  angle  of  attack,  thus  Increasing  the  lifting  force  and  also  the 
bending  moment.  The  second  flexible  mode  Is  primarily  a  vlng  mode  in 
vhich  the  vlng  deforms  under  load  so  as  to  reduce  local  angle  of  attack 
and  thereby  alleviate  the  aerodynamic  load  on  the  glider.  Therefore, 
the  bendlmg  moments  decrease  slightly  vhen  both  the  first  and  second 
modes  cm  Included  In  the  analysis.  The  addition  of  the  third  normeil 
mode  has  very  little  effect  on  the  bending  loads,  and  It  Is  concluded 
that  tvo  modes  are  sufficient  to  represent  the  elastic  structiire  of 
this  vehicle  In  the  vlnd  shear  loads  problem. 

Considerable  time  and  effort  have  been  expended  In  calculating 
the  normal  vibration  modes  vhleh  include  both  vlng  and  booster  flexi¬ 
bility.  A  simple  program  Is  available  for  calculating  the  vehicle 
free-free  beam  bending  modes  In  idilch  the  vlng  Is  assumed  to  contribute 
to  the  beam  mass  sndL  stiffness  and  confom  to  the  beam  In  ehordvlse 
bending.  No  qpanvlse  vlng  deflection  Is  accounted  for  In  these  beam 
modes.  The  calculatlen  of  vlng  plate  msdes  requires  tvo  programs, 
one  vhleh  determines  the  vlng  influence  coefficient  matrix,  and  one 
vhich  determines  the  mode  shapes  and  frequencies.  Still  another  pro¬ 
gram  Is  required  to  couple  the  vlng  plate  modes  and  beam  bending  modes 
to  determine  the  normal  modes  of  the  vehicle.  A  discussion  of  the 
modal  aalculatlons  and  tabulations  of  mode  shepes  are  given  In 
Appandlx  B« 

In  order  to  see  vhether  it  Is  necessary  to  expend  the  extra  effort 
required  to  include  vlng  plate  deformatlans,  betiding  loads  due  to 
passage  through  the  vlnd  spike  vlth  and  vlthout  wing  plate  deformations 
have  been  cooqpared.  Equations  of  motion  and  leads  equatians  have  been 
derived  using  the  free -free  beam  bending  modes  Instead  of  the  coupled 
vlng  and  beam  modes,  and  solutions  using  ona  and  tvo  beam  modas  are 
eoaparad  vlth  the  solutlonB  using  one  and  tvo  coupled  modes.  The 
results  are  plotted  in  Fig.  IV-15.  The  one  mode  solutions  are  practically 
the  same,  since  the  first  coupled  xiode  Is  primarily  a  baam  bending  mode 
with  very  little  vlng  spaavlse  deformation.  The  tvo  mode  solutions  do 
not  show  such  close  agreesMnt,  since  the  second  coupled  mods  Is  prlmarily 
a  wing  mode.  Thus  the  beam  mods  solution  does  not  shov  the  alleviation 
of  bending  moments  due  to  vlng  deformation  that  is  shown  in  the  coupled 
mode  solution.  Considering  the  limited  accuracy  with  which  the  aero- 
dynamle  forces  are  known,  the  use  of  the  sispler  beam  modes  may  be 
Justified  In  some  cases.  Certainly  If  only  one  flexible  mode  Is  Included, 
no  advantage  would  be  gained  by  using  the  coupled  mode.  If  tvo  modes  are 
included,  coupled  modes  should  be  used. 


WADD  m  60^8 


62 


As  montioned  earlier*  it  has  been  obserred  that  aren  in  response 
to  the  abrupt  shear  reversal  at  the  wind  spike  the  flexible  mode  response 
is  essentially  a  static  deformation  at  the  pitch  frequency  with  very 
little  vibration  at  the  natural  structural  frequencies*  This  suggests 
that  the  structural  representation  could  be  simplified  by  neglecting 
structural  dynamics  but  allowing  the  structure  to  deform  statically 
under  load.  This  may  be  accomplished  by  dropping  the  first  and  second 
derivatives  of  the  generalized  coordinates  for  the  flexible  modes  out 
of  the  equations  and  revising  the  analog  computer  simulation  accordingly. 
Fig.  IV-16  shows  a  comparison  of  the  bending  moment  diagrams  with  and 
without  structural  dynamics.  Two  flexible  modes  are  considered,  and 
the  loads  shown  are  due  to  passage  through  a  wind  spike.  It  can  be 
seen  that  neglecting  structural  dynamics  has  the  effect  of  slij^tly 
reducing  the  predicted  bending  moments,  but  that  the  difference  is 
not  large.  If  structural  dynamics  are  neglected,  the  calculation  of 
modes,  will  not  be  necessary;  a  set  of  influence  coefficients  for  the 
structure  will  suffice.  In  view  of  the  limited  accuracy  with  which 
the  aerodynamic  forces  are  known,  the  neglect  of  structural  dyitamics 
may  be  justified  in  fli^t  loads  analyses  of  boost  glide  vehicles.  pro> 
vided  the  static  deformation  of  the  elastic  structure  is  accounted  for. 


3.  tusl  slosh 

Two  fuel  slosh  degrees  of  freedom  are  included  in  the  simulation 
of  the  boost -glide  vehicle  for  the  wind  shear  problem.  These  are  the 
first  alosh  modes  of  the  fuel  and  oxidizer  tanks  for  the  first  stage 
booster.  Other  tanks  are  considered  full.  The  higher  order  slosh 
modes  have  not  been  included  because  of  analog  equipment  limitationa. 
although  their  effects  could  have  been  investigated  by  making  simpli¬ 
fications  elsewhere  in  the  simulation  had  the  effect  of  sloshing  proved 
ijqmrtant  in  this  configuration* 

The  pendulmn  analogy,  discussed  in  Appendix  C.  is  used  in  deriving 
the  equations  for  fuel  slosh. 

The  dynamic  response  and  loads  due  to  passage  throuj^  the  wind 
profile  spike  have  been  obtained  with  and  without  fuel  slosh  modes 
using  the  differential  analyser  to  ef'fect  the  solutions.  The  effect 
of  fuel  slosh  on  loads  is  negligible.  The  transient  responses  in  the 
rigid  and  flexible  structural  modes  are  somewhat  different  when  slosh 
is  included,  but  the  maxima  are  not  affected  to  any  significant  degree. 
This  difference  in  the  transient  response  noted  is  not  striking,  but 
it  is  noticeable  in  a  direct  comparison  of  the  responses.  The  slosh 
response  itself  as  evidenced  by  angular  displacements  of  the  pendula 
is  fsirly  large.  The  slosh  response  time  histories  are  shown  in  Fig. 
IV-17*  The  I— Timmi  angular  displacement  of  the  fuel  tank  pendulw  in 
response  to  a  150  foot  per  second  wind  spike  is  31*9  degrees.  The 
xaaximum  ang\ilar  accaileration  of  this  pendulum  is  3*94  radians  per  sec^. 
This  prpdubes  a  side  force  at  body  station  1557  of  only  4800  pounds  as 
compared  to  the  maxinaua  side  force  at  body  station  I636  of  about  163.000 


kADtt  TR  60-518 


63 


pounds  due  to  thrust  vectoring  in  response  to  the  same  wind  spike.  The 
large  angles  traversed  by  the  pendula  representing  the  slosh  modes  are 
well  beyond  the  range  in  which  a  linear  approximation  is  valid.  The 
pendulum  analogy  itself  is  applicable  only  for  small  slosh  amplitudes; 
and  in  cases  where  the  dynamic  response  of  the  system  is  significantly 
affected  by  slosh,  a  more  refined  analysis  of  sloshing  may  be  required. 

More  study  is  required  in  this  area. 

The  possibility  that  a  particularly  fortunate  choice  of  slosh  frequency 
has  accidentally  been  made  is  considered.  Therefore,  slosh  frequency  has 
been  varied  from  about  ,7  to  1,5  times  the  calculated  frequency.  Physically 
this  can  be  accomplished  by  changing  the  tank  diameter  or  acceleration  due 
to  thrust.  The  responses  have  been  recorded  for  these  slosh  frequencies, 
and  the  results  show  that  the  amplitude  of  the  response  (and  therefore  the 
loads)  is  insensitive  to  slosh  frequency, 

4,  GLIDER  LIFT  CURVE  SLOPE 


In  view  of  the  uncertainty  as  to  the  exact  value  of  the  glider  lift 
curve  slope,  it  is  necessary  to  determine  the  effect  of  variations  in  this 
parameter  on  loads.  Equations  of  motion  and  loads  equations  have  been  cal¬ 
culated  for  values  of  glider  C„  ranging  from  about  ,08  to  1,5  times  the 

"X 

estimated  value,  and  these  equations  have  been  solved  on  the  analog  computer 
for  the  loads  due  to  the  wind  spike.  The  variation  in  maximum  bending 
moment  at  a  given  station  with  lift  curve  slope  is  shown  in  the  Pig.  IV-1. 

If  better  information  on  the  lift  curve  slope  becomes  available  at  some 
later  date,  it  will  be  possible  to  revise  the  wind  shear  loads  without  re¬ 
peating  the  entire  analysis,  by  referring  to  Pig.  IV-l. 
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D,  Q-UAWriTATIVE  RESUUS 


Th«  main  purpose  In  obtaining  numerical  Talues  for  the  loads  is 
to  determine  the  relatlTe  criticalness  of  the  rarious  loading  con¬ 
ditions  studied*  In  the  boost  flight  loads  analysis  beam  bending 
moments  at  seren  body  stations  and  net  loads  on  each  of  tbs  thirty 
glider  panels  hare  been  determined*  Since  the  panel  loads  are  functions 
of  time,  the  set  of  loads  to  be  transformed  into  stresses  must  be  a 
set  that  occurs  at  the  same  instant  of  time*  If  the  panel  loads  are 
not  in  phase,  it  may  be  difficult  to  choose  the  instant  of  time  which 
produces  maximum  stress  in  a  given  member*  The  panel  loads  during 
boost  are  in  phase  and  eyparlence  maximum  load  simultaneously*  There¬ 
fore  ,  the  set '  of  maximum  panel  loads  would  be  the  proper  set  to  use  in 
a  stress  analysis*  The  foregoing  remarks  are  intended  only  to  indicate 
how  the  various  loads  would  be  used*  since  the  determination  of  the 
stresses  is  outside  of  the  scope  of  the  present  study* 


1*  WTWn  T^TW 

The  Sissenwlne  wind  profile  shown  in  Fig*  IVW2  is  taken  as  the  design 
wind  profile  for  this  study*  Bending  moments  only  have  also  been  calcula¬ 
ted  for  coeqiarlson  purposes  using  the  profile  recently  developed  by  IviDyne 
Research  under  contract  with  VIDD*  The  wind  shear  loads  have  been  computed 
by  several  methods*  as  described  in  the  analysis  subsection  of  the  boost, 
fli^t  loads  section* 


Superposition  Method 

The  wind  profile  is  broken  down  into  two  parts*  one  of  which  is 
referred  to  as  the  slow  time-varying  portion  and  the  other  as  the  spike* 
The  response  to  the  slow  time-varying  portion  is  obtained  by  solving 
the  equations  having  tism-varying  coefficients  by  means  of  the  digital 
computer  jtrogram*  Three  degrees  of  freedom*  two  rigid  body  modes  and 
the  first  free-free  beam  bending  mode  are  used  to  represent  the  motions 
of  the  vehicle*  The  control  system  representation  is  the  simplest  one 
considered  in  the  study*  Constant  gain  settings  based  on  conditions 
at  the  spike  altitude  are  used*  Actually*  the  gain  settings  used  during 
the  portion  of  the  flight  vp  to  the  spike  are  unimportant*  Solutions 
obtained  using  time-varying  gain  settings  which  provided  one-half  cps 
and  six-tenths  critical  daig>ing  in  pitch  from  the  ground  up  yield 
results  alax>st  identical  to  the  constant  gain  solution*  The  response 
to  this  portion  of  the  profile  is  primarily  a  normal  translation  with 
the  normal  component  of  the  wind*  Any  reasonably  tight  pitch  control 
which  provides  stability  causes  the  vehicle  to  drift  with  the  wind  with 
a  very  small  angle  of  attack  up  until  the  tine  the  spike  is  encountered* 
If  a  more  refined  control  system  rejresentation  is  used,  the  relatively 
high  gain  settings  based  on  spike  conditions  may  be  too  high  for  sta¬ 
bility  during  the  early  portion  of  the  flight*  Thus,  in  any  actual 
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design  some  prograomed  variation  in  the  gain  settings  will  probably  be 
necessary*  However*  knowledge  of  the  gain-settings  during  the  early 
portion  of  the  fli^^t  is  not  necessary  in  order  to  determine  wind  shear 

loads* 

The  response  to  the  spike  has  first  been  obtained  by  solving  the 
equations  having  constant  coefficients  based  on  the  spike  conditions 
by  means  of  the  analog  computer*  Analog  circuitry  utilized  in  obtaining 
the  solutions  described  here  is  shown  in  Appendix  G*  The  degrees  of 
freedom  used  to  describe  the  motions  of  the  vehicle  in  the  analog 
solution  are  two  rigid  body  modes*  the  first  two  coupled  flexible 
modes*  and  nozzle  swiveling*.  In  addition*  two  first  order  lags  are 
included  in  the  control  system  representation*  Gain  settings  are 
determined  by  the  ntsthod  described  earlier  to  provide  one-half  cps  and 
six-tenths  critical  damping*.  Control  system  studies  reported  earlier 
show  that  this  much  refinement  in  the  representation  of  the  control 
system  is  unnecessary;  but  since  the  complete  analog  circuitry  has 
already  been  set  up*  it  has  bean  utilized* 

The  loads  based  on  these  digital  and  analog  solutions  have  been 
obtained  by  superposition  of  the  loads  due  to  the  slow  time-varying 
portion  of  the  profile  and  the  loads  due  to  the  spike*  Fig*  ZV-16 
shows  the  bending  moment  response  at  body  station  1027  obtained  by 
superposition  as  well  as  the  response  due  to  the  slow  tims-varyii^ 
portion  only*  The  net  panel  loads  obtained  by  superposition  of  the 
loads  due  to  the  spike  and  those  due  to  the  slow  time -varying  portion 
are  shown  in  Fig*  IF-I9* 

The  superposition  method  as  described  above  assuoies  that  the 
variations  in  the  coefficients  durixig  the  few  seconds  in  which  the 
spike  is  passed  are  ix>t  rapid  or  large  enough  to  significantly  affect 
the  results* 

Comparison  of  time  histories  obtained  by  superposition  using  a 
constant  coefficient*  three  degree  of  freedom  spike  solution  with  a 
three  degree  of  freedom  digital  solution  for  the  response  to  the  com¬ 
plete  profile  using  time-varying  coefficients  indicates  that  the 
assumption  of  coxistant  coefficients  noticeably  changes  the  response 
to  tbs  spike*  Therefore*  the  response  to  the  spike  has  been  obtained 
by  means  of  a  digital  solution  of  equations  for  a  four  degree  of  freedom 
vehicle  with  time -varying  coefficients*  The  motions  of  the  vehicle  in 
this  solution  are  described  in  terms  of  the  rigid  body  modes  and  the 
first  two  coupled  flexible  modes*  A  nonlagged  control  system  in  which 
bending  is  sensed  is  used*  The  sensor  locations  are  as  in  case  one  In 
the  sensor  location  study*  and  the  gain  settings  are  chosen  to  give  one- 
half  cps  and  six-tenths  critical  damping  in  pitch  based  on  the  spike 
conditions*  Fig*  17-20  shows  the  bending  moment  response  at  body 
station  1027  obtained  by  superposition  of  the  loads  due  to  the  slow 
time-varying  portion  and  the  loads  due  to  the  spike  of  the  wind  profile 
as  determined  by  the  four  degree  of  freedom  digital  solution* 
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Analog  Solution  with  Noozero  Initial  Conditions 


The  superposition  method  described  above  depends  on  the  assuiqptlon 
of  linearity*  When  a  nonlinearity  In  the  form  of  a  limit  on  the  maxi~ 
mum  nozzle  swivel  angle  Is  Investigated*  the  principle  of  superposition 
can  not  be  used*  The  limit  on  the  nozzle  swivel  angle  Is  easily  simu¬ 
lated  on  the  analog  cooputer  as  shown  in  Appendix  G«  and  nonzero  initial 
conditions  representing  the  conditions  existing  at  the  start  of  the  wind 
spike  are  calculated  by  means  of  the  digital  program*  Two  rigid  body 
modes*  one  flexible  mode*  and  the  sinplest  control  system  representation 
have  been  used  in  the  digital  solution  for  the  initial  conditions*  An 
additional  flexible  mode  as  well  as  a  refined  control  system  represen¬ 
tation  having  two  first  order  lags  and  nozzle  inertia  have  been  Included 
in  the  analog  simulation*  The  initial  conditions  for  the  additional 
flexible  mode  have  been  calculated  by  assuming  that  deformations  in  this 
mode  are  static*  It  is  necessary  to  adjust  the  initial  conditions  for 
the  flexible  modes  slightly  by  trial  and  error  on  the  analog  so  that  no 
transients  at  the  flexible  mode  frequencies  result  when  the  problem  is 
turned  on*  This  assures  that  the  deformations  in  the  flexible  modes 
at  the  start  of  the  spike  are  coopatible  with  the  vehicle  angle  of 
attack  and  nozzle  swivel  angle  existing  at  the  start  of  the  spike* 

The  responses  to  the  wind  spike  with  various  nozzle  swivel  angle 
limits  have  been  obtained*  is^ven  a  small  restriction  on  the  angular 
deflection  of  the  nozzle  has  a  marked  effect  on  the  res  oases*  When 
the  limit  is  set  at  t  23*^*  the  nozzle  does  not  contact  the  stops  at 
all;  yet  when  the  allowable  deflection  is  reduced  to  t  21°,  insufficient 
control  is  available  to  prevent  a  pitch  divergence*  As  soon  as  the 
nozzle  contacts  the  stop*  the  effective  positive  pitch  spring  due  to 
the  thrust  vectoring  begins  to  soften*  whereas  the  negative  pitch  spring 
due  to  aerodynamic  forces  remains  constant*  If  the  pitching  velocity 
at  the  time  the  stop  is  contacted  in  greater  than  a  certain  value*  the 
pitch  excursion  reaches  the  angle  at  which  the  effective  net  pitch  spring 
becooies  negative  and  the  vehicle  continues  to  pitch  until  failure  occurs* 
It  is  also  interesting  to  note  that  a  significant  vibratory  response  in 
the  flexible  modes  occurs  when  the  thrust  is  vectored  rapidly  as  the 
nozzle  cones  off  the  stop*  A  typical  response  is  shown  in  Fig*  lV-21* 

The  method  has  the  disadvantage  that  constant  coefficients  are 
used*  but  a  digital  program  capable  of  handling  the  nonlinearity  is 
not  always  available*  Even  when  the  limit  is  not  incorporated*  the 
assumption  of  linearity  is  not  very  good  for  the  large  angles  encountered 
in  response  to  the  wind  profile*  A  function  generator  can  be  used  to 
transform  the  nozzle  swivel  angle  into  the  sine  of  the  angle  on  the 
analog*  This  has  not  been  dons*  however*  since  it  is  felt  that  in  any 
practical  design  the  vehicle  would  have  to  be  modified  in  some  way  to 
avoid  the  requirements  for  such  large  control  moments*  One  possibility 
would  be  the  use  of  tail  fins  to  reduce  the  destabilizing  aerodynamic 
pitching  moments* 
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Digital  Solution  fer  Response  to  Complete  Profile 

The  third  method  used  to  determine  wind  shear  loads  is  the  digital 
solution  for  the  response  to  the  complete  profile.  Three  degrees  of 
freedom  and  timervarying  coefficients  are  used,  as  in  the  solution  for 
the  response  to  the  slow  time-varying  portion  of  the  profile  described 
earlier.  This  method  is  siii5)ler  than  either  of  the  methods  previously 
discussed,  and  it  depends  on  the  assuugjtion  that  a  few  degrees  of  free¬ 
dom  are  sufficient.  In  this  study,  three  is  considered  the  maximum 
number  of  degrees  of  freedom  that  can  efficiently  be  used  in  obtaining 
a  digital  solution  for  the  response  to  the  complete  profile.  The  number 
of  coefficients  for  which  time  histories  must  be  calculated  increases 
as  the  square  of  the  niomber  of  degrees  of  freedom,  and  machine  time 
also  increases  greatly  with  additional  degrees  of  freedom. 

The  study  of  the  effect  of  structural  representation  on  wind  shear 
loads  indicates  that  a  fairly  good  prediction  of  the  bending  moments 
can  be  made  with  only  ene  flexible  mode.  Fig.  IV-22  shows  a  time  his¬ 
tory  of  bending  moment  at  station  102?  obtained  by  solving  the  three 
degree  of  freedom  equations  on  the  digital  c©ii5)uter  for  the  response 
to  the  con5)lete  profile.  The  time  histories  obtained  by  superposition 
of  the  slow  time -varying  digital  solution  and  the  digital  and  the  analog 
spike  solutions  are  also  shown  in  Fig.  IV-22  for  con5)arison.  The  results 
obtained  by  superposition  of  three  and  four  degree  of  freedom  digital 
solutions  are  considered  the  most  accurate  obtained. 

For  some  purposes,  the  three  degree  of  freedom  solution  may  be 
adequate,  althou^  in  this  case  the  loads  are  considerably  overesti¬ 
mated.  Fig.  IV-23  shows  a  comparison  of  bending  moments  due  to  the 
Avijyne  profile  with  those  due  to  the  Sissenwine  profile.  Both 
solutions  have  been  obtained  using  the  three  degree  of  freedom  digital 
solution  for  the  response  to  the  complete  profile.  The  three  degree 
of  freedom  solution  is  considered  adequate  for  determining  the  relative 
severity  of  various  profiles,  as  in  the  present  example. 

Fig.  IV-24  shows  a  conparison  of  the  bending  moment  diagrams  obtained 
by  the  methods  discussed  above. 


2.  GUST  LOADS 


Discrete  Gusts 


The  responses  to  one  minus  cosine  shaped  discrete  gusts  of  various 
wave  lengths  have  been  obtained  on  the  analog  cmputer.  The  equations 
of  motion  and  loaiis  equations  are  identical  to  the  equations  used  in 
the  wind  shear  analysis  except  for  the  forcing  function.  Discrete  gust 
loads  have  been  conputcd  for  the  30,000  foot  altitude  during  boost,  the 
altitude  at  >diich  the  wind  spike  is  encountered.  Fig.  Ti-23  shows  the 
effect  of  gust  frequency  on  maximum  bending  moment  at  body  station  1027> 
and  that  the  maxi mum  bending  response  occurs  when  the  gust  frequency  is 
about  .6  cycle  per  second. 
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In  the  vehicle  analysed,  the  gains  are  chosen  so  that  the  pitch 
freg[uency  and  damping  are  .5  ops  and  .6  critical  respectively*  Thus, 
it  appears  that  the  one  minus  cosine  discrete  gust  which  produces 
maximum  bending  zasponse  has  a  frequency  about  equal  to  the  frequency 
which  would  produce  maximum  forced  amplitude  response  in  the  pitch 
mode.  The  maximum  bending  manents  are  produced  by  critically  phasing 
with  pitch. 

Fig.  17-26  shows  the  maximum  bending  moment  diagram  resulting 
from  critically  phased  4^  fps,  one  minus  cosine  shaped,  discrete  gust. 


CoBdtination  of  Discrete  Gust  and  Wind  Shear  Loads 

Since  a  one  percent  synthetic  wind  profile  is  used  for  determining 
wind  shear  loads,  it  seems  most  rational  for  design  purposes  to  use  a 
gust  load  which  is  exceeded  only  once  per  hundred  flights.  In  practice 
it  may  be  very  difficult  to  deteimine  a  one  in  a  hundred  gust  load, 
since  existing  probability  density  functions  may  not  adequately  describe 
clear  air  turbulence  associated  with  wind  shear.  ▲  4^  fps  one  minus 
cosine  shaped  critically  phased  discrete  gust  has  been  recommended  as 
an  interim  design  criterion.  (I09)  For  illustration  purposes,  the 
load  due  to  this  descrete  gust  is  taken  as  a  one  percent  gust  load. 

The  loads  die  to  this  gust  are  quite  severe.  It  is  sostewhat  surprising 
that  the  40  fps  gust  produces  loads  almost  as  large  as  the  150  fps  wind 
spike.  The  explanation  of  this  is  that  the  gust  wave  length  used  is 
chosen  to  produce  maximum  bending  mcments  by  exciting  a  maximum  dynamic 
pitching  response.  The  wave  length  of  the  wind  spike  is  quite  long 
compared  to  that  which  would  excite  maximum  pitching  response. 

In  combining  the  one  percent  wind  shear  load  with  the  one  percent 
gust  load,  it  should  be  recognized  that  the  probability  of  these  ex¬ 
treme  loads  occurring  simultaneously  is  much  less  than  once  in  one 
hundred  flights;  thez^fore,  adding  them  directly  would  produce  xinduly 
severe  design  loads.  On  the  otcer  hand,  it  would  be  unconservative 
to  use  wind  shear  loads  as  desing  loads  with  no  increase  to  account  for 
turbulence*  Desie,n  loads  should  probably  lie  somewhere  between  the  two 
extremes.  A  great  deal  moz«  research  is  needed  to  develop  rational 
design  criteria  for  wind  shear  and  gusts  for  advanced  vehicles*  Ex¬ 
cessive  conservatism  will  result  in  serious  penalties  in  performance 
or  payload,  whereas,  unconservatism  can  lead  to  an  unacceptably  low 
probability  of  successful  completion  of  the  mission. 


The  boosted  flight  from  0  to  30,000  feet  is  divided  into  the  five 
altitude  bands  shown  in  Table  17-1.  Equations  of  motion  and  loads 
equations  for  each  of  these  bands  have  been  written  with  constant  co¬ 
efficients  representative  of  average  conditions  in  the  band.  Three 
degrees  of  freedom  including  two  rigid  body  modes  and  one  free -free 
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'beam  bending  made  axe  used.  The  control  system  representation  Is  the 
simplest  one  studied,  with  gain  settings  calculated  to  give  one  half 
cps  and  six  tenths  critical  dashing  In  pitch.  The  equations  have  been 
solved  by  means  of  a  digital  program  (see  >^pendlx  G)  for  the  normalized 
Integrated  output  power  spectra  and  characteristic  frequencies  N(0) 
of  bending  moments  for  a  normalized  Input  power  spectrum  of  atmospheric 
turbulence  having  a  scale  length  of  L  «  1000  feet.  These  results  as  well 
as  the  distance  traveled  In  each  of  the  five  bands  are  shown  In  Table  IV-1. 
The  number  of  exceedances  of  a  given  bending  moment  per  unit  distance  within 
a  given  altitude  band  are  given  by  the  Integral 


t  2 

^  A  ^ 

N(J) 

-  ll«l)  J  f  («■„)  . 

o 

(I7-14) 

'idiere 

«  probability  density  function  of 

‘^u 

a  rms  gust  velocity 

g  Pig.  17-27  shows  plots  of  the  Integral  N(  I  )/n(0)  versus  the  parameter 
I  /EA®  for  various  altitude  bands  based  on  probability  density  functions 
given  In  (ll3).  The  number  of  exceedances  of  various  bending  moments  per 
unit  distance  for  each  edtltude  band  has  been  obtained  by  evaluating  the 
IntiBgral  of  Eqn.  (lV-l4)  using  Fig.  17-27.  An  alternative  procedure  Is 
given  4n  reference  (ll4),  In  ^ich  sii^ple  forms  of  ?  (dO  assumed 
such  that  Eqn.  (17-14)  can  be  Integrated  In  closed  form.  The  number  of 
exceedances  of  various  bending  moments  per  flight  has  been  found  by  sumnlng 
the  exceedances  In  each  of  the  five  altitude  bands.  The  resulting  exceed¬ 
ance  curves  are  shown  In  Fig.  17-26.  These  curves  show  exceedances  of 
positive  bending  moment  only  and  may  be  interpreted  to  give  the  number  of 
bending  moment  cycles  exceeding  vvious  aagpUtudes.  The  number  of  cycles 
In  the  amplitude  range  to  Y  +  a  )F  is  equal  to  the  difference  between 
the  number  of  exeeedances  of  I  4-  ^  f  and  the  number  of  exceedances  of  . 

This  Information  can  be  used  In  preparing  load  ^ctra  for  fatigue  tests  or 
analyses. 
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TMIE  IV-1 


Timt  tvm 

Altitude 

Dlettmce 

Lead  Statloci 

2  -10 

A  X  10  - 

N(®)  X  10 

Uwowh  (mo.) 

Bead  (ft.) 

flOlSi  (ft.) 

(In.) 

(in-lbs)*^ 

587 

.215 

3.84 

20 

0-  $000 

5200 

896 

.829 

3.67 

1343 

.792 

2.22 

587 

.918 

1.677 

33.75 

5-15#000 

11,200 

896 

3.50 

1.579 

13^3 

3.69 

.942 

1^5.5 

12,<00 

587 

2A9 

.870 

15-25«000 

896 

9.39 

.819 

131^3 

10.45 

.511 

56 

25-38,000 

587 

3.35 

.579 

17,900 

896 

12.50 

.545 

1343 

13.24 

.360 

67.5 

587 

1.047 

.629 

38.50«000 

18,800 

898 

3.85 

.589 

1343 

3.59 

.353 
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E.  CONCLUSIONS 


The  important  conclusions  resulting  from  the  boost  flight  loads  study 
are  summarized  below: 

1.  A  simple  idealized  control  system  representation,  in  which  rigid 
pitching  motions  only  are  sensed  and  lags  aund  nozzle  inertia  are  neglected, 
is  adequate  for  dynamic  loads  analyses  provided  gain  settings  which  give 
the  desired  pitch  frequency  and  damping  are  used. 

2.  A  method  of  selecting  gain  settings  to  provide  a  desired  short 
period  response  has  been  devised  which  accounts  for  the  effects  of  flexi¬ 
bility  and  control  system  lags.  The  method  depends  upon  the  assumption 
that  the  response  of  the  flexible  modes  is  essentially  static. 

3.  Loads  due  to  wind  shear  and  gusts  are  greatly  influenced  by 
control  system  gain  settings.  In  general  the  hipest  attitude  gain  set¬ 
ting  providing  stability  yields  minimum  loads.  Since  control  system  gain 
settings  have  a  marked  effect  on  dynamic  loads,  these  gain  settings  should 
be  chosen  within  the  range  satisfactory  from  the  stability  and  control 
standpoint  to  minimize  loads. 

4.  A  simple  control  system  representation  is  not  adequate  for 
investigating  systeib  stability.  Sensor  locations,  lags,  nozzle  inertia, 
and  structural  stiffness  as  well  as  rate  gain  setting  have  an  important 
effect  on  the  stability  boundaries. 

3.  Limiting  the  maximvun  nozzle  swivel  angle  even  a  slight  amount 
has  a  marked  effect  on  the  response.  In  response  to  the  wind  profile, 
the  nozzle  does  not  contact  the  stops  if  they  are  set  at  23  degrees.  If 
the  stops  are  set  at  21  degrees,  the  control  moment  available  is  in¬ 
sufficient  to  prevent  the  vehicle  from  tumbling.  In  any  actual  design 
of  a  boost-glide  vehicle,  it  appears  desirable  to  reduce  the  requirements 
for  large  control  moments  by  reducing  the  destabilizing  aerodynamic 
pitching  moments. 

6.  No  significant  increase  in  accuracy  is  obtained  by  using  more 
than  two  flexible  modes  in  the  flight  loads  analysis.  Structural  dynamics 
may  be  neglected  provided  the  static  deflection  of  the  structure  under 
aerodynamic  and  thrust  vectoring  loads  is  accounted  for.  The  use  of  beam 
modes  which  include  no  glider  wing  mode  components  yields  slightly 
conservative  results.  If  beam  modes  are  used  instead  of  coupled  modes, 
the  use  of  more  than  one  flexible  mode  is  not  justified. 

7*  The  effect  of  fuel  slosh  on  dynamic  loads  is  negligible,  al¬ 
though  the  slosh  amplitudes  are  large  due  to  passage  through  the  wind 
spike. 

8.  Maximum  bending  loads  due  to  wind  shear  are  quite  sensitive  to 
glider  lift  curve  slope. 

9.  Wind  shear  loads  have  been  determined  by  several  methods*  The 
most  attractive  from  the  standpoint  of  maximum  accuracy  without  an 
excessive  amount  of  labor  and  machine  time  is  the  superposition  of  loads 
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due  to  the  slov  tine-varying  portion  of  the  profile  and  loads  due  to  the 
spike  as  obtained  on  the  digital  conqputer.  Supexposltlon  is  used  because 
a  smaller  nunber  of  degrees  of  freedom  can  be  used  for  the  slev  tine- 
varylng  portion.  The  assunptlen  of  constant  coefficients,  during  passage 
throu^  the  ^Ike  necessary  in  the  analog  solutions,  changes  the  re^onse 
sufficiently  to  affect  the  accuracy  of  the  results.  However,  the  analog 
is  a  valuable  tool  for  the  investigation  of  parameter  variations,  non- 
linearities,  and  refinements  in  the  mathematical  representation  of  the 
ay  stem. 


10.  Maximum  discrete  gust  loads  are  produced  by  phasing  the  one 
minus  cosine  gust  with  the  pitch  mode.  Loads  due  to  the  40  fps  critically 
phased  gust  at  30,900  feet  are  quite  large,  almost  as  large  as  the  maximum 
wind  shear  leads. 
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Altitude,  10^  Pt 


Sissenwine  synthetic  wind 
profile  applicable  to: 

1)  Area  of  USA  with  strongest 
50  to  45  thousand  feet  winds. 

2)  Windiest  season. 

5)  Vehicles  with  sharp  maximum 


PIS.  IV-2  1?^  SYNTHETIC  PROFILES 
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0  Exparlmental  data  (rafa.  104,  106,  IO7,  110,  II9, 

120,  121,  122) 


+  Linear  let  order  auperaonio  theory 


no.  rr-j  yamation  of  oliier  with  mack  number 


Tia,  IT-4  RIGID  GLIDER  LIFT  MSTRIBUTION  AT  MACH  NO.  1.76  BY  VARIOUS  THBOMES 

vm)  m  60-^18  7$ 


FIG,  IY-6  EFFECT  ON  BENDING  MOMENTS  OP  INCLUDING  FLEXIBLE  MOMES 
WITHOUT  COMPENSATING  ADJUSTMENT  OP  GAINS 
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FIG.  rV-12  EFFECT  OF  SENSOR  LOCATION  ON  BENDING  MOMENTS 
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Z^O  fpa  spike 


One  coupled  oiode 
Two  coupled  nodes 
Three  coupled  nodes 
Rigid  vehicle 


Body  8tatloA>  Inches 
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IRE  IV-17  SLOSH  RESPONSES 


BS  1027  BENDING  MCMINT  TIME  HISTORI  BASED  ON  SUPERPOSITION  OF 
DIGITAL  AND  ANALOG  SOLUTIONS  (SISSENWINE  WIND  PROFILE) 


FIGURE  IV-19  MAXliiOM  NET  PANEL  LOADS  ON  GLIDER  DUE  TO  REVISED 
1$  SISSENWINE  WIND  PROFILE 


Bending  Ifoaent  ,  10  In-Lbs 


FIG.  IT-20  BS  1027  BINDING  MOMENT  TIME  HISTORY  BASED 
ON  SUFERFOSniON  OF  DIGITAL  SOLUTIONS 
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rtG.  IV-25  COMPARISON  OF  BE^iDIHG  MOMENTS  BOB  TO  SISSQfVINB  ANB 
AVIOnE  vti  vine  PROFILES 


Body  Stetion,  Inches 
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Bending  Moment,  10  In- tbs  Maximum  BS  102?  Bending  Moment,  10  In-tbs 


PIC.  IV-25  VAHIATKMS  OF  DI.SCW.TK  CIIIJT  IDAHO  WITH  OUST  FHEQUEKCY 


*♦0  ft/eeo  discrete  gust 


FIO.  IV-26  MAXIMUM  BMNDINO  ^MKMTS  DUE  TO  A  CRITICALLY 
PHASED  ONK-COSINE  DISCRETE  OUST 


WADD  m  60-518 


52 


PIG.  IV-27  EVALUATION  OP  EXCEEDANCE  INTEGRAL 


Exceedances  per  Flight 
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SECTION  V 


STAGING 


A.  INTRO IPCTION 


To  determine  the  initial  conditions  occurring  at  the  instamt  of 
thrust  decay  in  stage  I,  it  is  necessary  to  follow  the  motion  of  the 
vehicle  from  the  Instant  of  release,  through  the  wind  shear  spike  and 
turbulence  to  the  altitude  at  which  the  thrust  decay  initiates.  Normal¬ 
ly  this  would  be  the  case,  however,  the  geometzy  of  the  vehicle  under 
consideration,  namely,  the  large  glider,  coupled  with  the  control  system 
provides  a  means  of  dissipating  to  the  atmosphere  large  amounts  of  energy 
in  ^latively  short  periods  of  time.  Presuming  that  no  significant  dis¬ 
turbance  occurs  between  the  encounter  of  the  wind  shear  spike  and  the 
initiation  of  thrust  decay,  it  follows  that  one  might  reasonably  expect 
(analog  records  support  this,  see  Section  IV)  that  at  the  instant  of 
thrust  decay  the  vehicle  is  entirely  undisturbed.  This  would  imply  that 
all  initial  conditions  on  perturbated  quantities  such  sis  translation, 
pitch,  Sind  the  flexural  modes  are  zero,  and  hence  the  decay  of  thrust 
would  induce  no  lateral  loads  (bending  moments).  However,  if  even  a 
slight  deviation  from  this  zero  perturbation  state  exists,  it  would  have 
serious  consequences  since  there  exists  at  the  altitude  (180,000  ft)  at 
which  the  first  staging  occurs  an  aerodynamic  pressure  (4o  psf)  suffi¬ 
cient  to  cause  the  system  to  be  unstable.  For  long  coast  periods  this 
small  destabilising  moment  may  cause  initial  conditions  at  the  time  of 
second  stage  thrust  build-up  to  be  so  large  that  the  control  system  can¬ 
not  achieve  stability.  Even  under  ideal  contxrol  conditions,  the  free 
fall  of  the  vehicle  during  coast  would  produce  a  velocity  transverse  to 
the  vehicle  axis,  thereby  inducing  an  aerodynamic  lift  ot  the  glider  and 
a  destabilising  moment.  Further,  slight  imperfections  in  the  control 
system  on  the  mechanical  alignment  of  the  aerodynamic  stirfaoes,  motor 
nozzle  arrangements,  etc.,  can  provide  additional  sources  from  which  non¬ 
zero  initial  conditions  can  occur. 

Finally,  whatever  the  source  of  a  nonzero  initial  condition  or 
destabilizing  moment,  the  forces  adting  on  the  vehicle  after  the  decay 
of  first  stage  thrust  are  gradually  varying  during  the  initial  coast 
I>eriod|  hence  it  would  seen  that  a  simple  quasi-static  loads  analysis 
would  be  quite  adequate. 

The  Initial  conditions  on  the  coordinates  specifying  the  motion  of 
-the  second  stage  portion  of  the  vehicle  result  from  the  linear  .and  angular 
impulse  occiirring  at  separation  as  well  as  the  destabilizing  conditions 
which  occur  during  the  coast  periods  preceding  and  following  separation. 

The  most  critical,  and  from  a  practical  point  of  view,  the  most  im¬ 
portant  lateral  loads  during  the  staging  process  result  from  the  initia¬ 
tion  of  thrust  in  the  second  stage  booster  with  the  nozzles  in  the  **hard  - 
over"  or  extreme  oontirol  position,  since  the  survival  of  the  second  stage 
depends  on  the  ability  of  the  control  system  to  re-establish  the  program¬ 
med  attitude  after  the  staging  process.  The  following  analysis  is  directed 
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toward  determining  the  lateral  loads  (bending  moments)  induced  by  those 
initial  conditioni  on  the  attitude  and  attitude  rate  which  require  a  full 
vectoring  of  the  motor  nozzles  at  the  ignition  of  the  engines  in  the 
second  stage. 


B.  FORMULATION  OF  THE  PROBLEM 
1.  EQUATIONS  OF  MOTION 


The  perturbation  equations  of  Appendix  C,  written  with  respect  to 
body  axes,  are  modified  as  follows: 


I 

o 

J 


^  *  coefficients  of  m  ■  0 
1  (first  coupled  beam  mode  is  used) 
0  (no  structural  damping) 


(  V-1) 
(  V-2) 

(  v-3) 


The  thrust  term  in  the  equations  of  motion  is  modified  to  account 
for  a  ramp- type  build-upj  the  term  T  +  (P  -  P  )  A  is  replaced  by  : 


max 


T 


max 


(^) 


t  <  0 


(  V-4) 


T 

max 


t  >T 


where' 


T 

max 


full  thrust  developed  by  the  second  stage 
booster  at  altitude. 


'C  :  time  required  for  build-up  of  thrust  to 
full  value. 


t  ■  0  :  ignition  of  second  stage  engines. 


2.  GENERALIZED  FORCES  RESULTING  FROM  AERODYNAMIC  FORCES 


Simple  first  order  piston  theory  is  used  to  estimate  the  aerodynamic 
force  acting  on  the  glider;  no  Mrodynamic  forces  are  assumed  to  act  on 
the  booster.  Only  rigid  body  motion  of  the  glider  is  taken  into  accoimt 
in  the  calculation  of  the  aerodynamic  force. 


(  V-5  ) 
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(  V-7) 

«o 

\—l 

0 

(Y.8) 

constant  (see  Appendix  A) 

(  V-9) 

where  t 

M  I 
o 

^  X 
X  t 

c 


planferm  area  of  the  glider 
Mach  number 

air  density  of  180,000  ft. 

position  of  centroid  of  glider  area  with  respect 
to  mass  center  of  second  stage  system. 


3.  GENERALIZED  FORCE  RESULTIKQ  FROM  CONTROL  SYSTEM 


The  control  law  used  in  this  part  of  the  study  is  similar  to  that 
described  in  Appendix  D,  however,  the  damping  terms  are  neglected.  The 
generalized  force  is  given  byt 

\  -  -K  ( q,  -  ■'.(I,  *  (**)  ij)  -  >Ci(q.  -  ’i) )  <  T-io) 

where 

K  - 

Ci^  :  natural  swiveling  frequency  of  nozzles  with 
hydraulic  valve  closed 

t  attitude  gain 

I  rate  gain 
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4.  INITIAL  CONDITIONS 


The  initial  conditions  chosen  are: 

(0)  -  4^  (0)  -  (0S>  -  4^  (0)  -  q^  (O)  -  4^  (o)  -  0  (Y-ll) 


In  conjunction  with  these,  two  distinct  sets  of  initial  condition 

on  the  perturbed  angle,  q  and  4  ar®* 

0  ^ 


i)  q^  (Q)  “  0 

4.  (0)  i  4. 

*o 

ii)  4^  (0)  -  0 

q.  (0)  i  q^ 


(V-12) 


CV-15) 


where 


q  and  q 


are  such  that  a  full  vectorihg  of  the  motor  nozzles  are 


required  to  stabilize  the  vehicle. 


5,  SOLUTION  OF  THE  EQUATIONS 


An  electronic  analog,  as  described  in  Appendix  G,  has  been  used  to 
solve  the  equations  of  motion;  although  a  closed  form  solution  cem  be 


obtained, 
eind  q 


the  analytical  determination  of  the  initial  conditions  on  q 


9 


g  specified  above  has  been  more  economically  gotten  by  the  analog 
approach. 


6.  RESULTS 


The  maximum  bending  moments  at  the  mass  center  of  the  second  stage 
resulting  from  the  sets  of  initial  conditions  and  two  values  of  T  are 
given  in  Pig.  V-1. 

Recorded  on  these  figures  for  comparison  is  the  calculated  maximum 
quasi-static  bending  moment;  the  agreement  indicates  that  a  simple  pro¬ 
cedure  for  estimating  maximum  bending  moment  resulting  from  a  ’’hard  over” 
vectoring  is  sufficient. 

The  quasi-static  bending  moment  (BM)  is  determined  as  follows: 


BM  - 


(V-14) 
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wher* 


II 

T  q, 
max  A  max 

IL  m^ 

- 

"^max^  t  max  1  *T  1 

Z  m  -r  2 

i 

■ 

xjo 

a  aummation  over  all  values  of  the  integrand 
for  which  Xj^  2  0 

CONCLUSIONS 

The  bending  moment  obtained  under  "hard  over"  vectoring  of  the 

motor  nozzles  is  of  such  magnitude  (0.2  x  10^  in-lbs)  that  no  serious 
load  problem  wiU^  expected  from  a  staging  process  within  the  capa¬ 
bilities  of  the  vehicle  to  malntfin  its  stability.  It  appears  that  the 
real  problem  in  staging  is  one  of  control  to  maintain  stability,  rather 
than  of  load. 
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Maximum  Bending  Moment, 10  In-LBs  Maximum  Bending  Moment,  10  In-Lbs 


1 

I  •  denotes  "hard  over"  condition 


4^(0)  =  0 


•31 


q.(0)  -  0 


0  .005  .010 


Pitch  Velocity,  ,  rad/seo 

PIG.  T-1  MAXIMDM  BENDING  MOMENT  DUE  TO  PITCH  ATTITUDE  AND  VELOCITY 

DURING  STAGING  (STATIC  "HARD-OVER"  BENDING  MOMENT  -  200,000  IN-LBS ) 
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SECTION  VI 


RE-ENTRY 


A.  GENERAL  DISCUSSION 


The  re-entry  problem  can  be  divided  into  two  flight  regimes. 

One  regime  is  the  flight  through  the  stratosphere  in  which  the  major 
concern  is  the  temperature  environment.  The  other  regime  is  the 
flight  through  the  troposphere  in  which  the  major  concern  is  the 
atmospheric  turbulence. 

On  the  flight  through  tkw  stratosphere  the  major  problem  is 
to  design  a  structure  to  withstand  the  elevated  temperatures  and 
possible  maneuvers.  Even  if  the  loads  seem  small  due  to  possible 
re-entry  maneuvers,  it  must  be  remembered  that  the  allowables  have 
been  reduced  considerably  due  to  the  elevated  temperatures. 

As  the  glider  descends,  the  structure  will  cool  and  will  be  sub¬ 
jected  to  a  more  conventional  loading  problem,  namely  air  turbulence. 

In  this  section  the  effects  of  elevated  temperatures  are  discussed, 
maneuver  loads  are  calculated  and  loads  due  to  atmospheric  turbulence 
are  calculated.  The  major  emphasis  is  on  loads  due  to  atmospheric 
turbulence. 

B.  THERMAL  ENVIRONMENT 


Actually  the  thermal  environment  is  more  a  detailed  design  problem 
than  a  dynamic  loads  problem.  It  is  the  structural  designer's  problem 
to  determine  the  details  such  that  the  glider  will  withstand  the  thermal 
environment. 

1.  EQUILIBRIUM  TEMPERATURES 

For  the  purpose  of  illustration  some  work  has  been  done  to  show 
the  effects  of  temperatures  on  a  typical  re-entry  trajectory.  Appendix 
A  specifies  the  reference  trajectory.  Rather  than  restrict  the  glider 
to  the  specified  trajectory,  some  leeway  is  allowed.  This  leeway 
allows  the  glider  to  be  10,000  feet  below  the  specified  trajectory 
at  any  velocity.  For  the  lower  altitude  limit  a  20*  angle  of  attack 
is  used  while  a  45*  angle  of  attack  is  used  for  the  reference  tra¬ 
jectory.  This  angle  results  from  a  short  transient  maneuver. 

The  equilibrium  temperatures  have  been  calculated  using  the  methods 
described  in  Reference  127*  Listed  in  Table  VI-1  are  the  values  of 
velocity,  altitude,  and  angle  of  attack  investigated.  In  addition, 
the  stagnation  temperatures  that  have  been  calculated  are  listed.  The 
first  set  of  parameters  Included  in  Table  VI-1  corresponds  to  a  point 
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in  the  boost  trajectory  fihosen  for  the  purpose  of  showing  that  the 
thermal  effects  are  negligible. 


TABLE  VI-1  STAGNATION  TEMPERATURES 


Velocity,  fps 

Altitude,  ft 

Angle  of  attack. 
Degrees 

Stagnation 

Degrees, 

1,875  Boost 

35,000 

0 

200 

21,400 

230,000 

45 

4400 

21,400 

220,000 

20 

4600 

l6 , 100 

190,000 

45 

4150 

16 , 100 

180,000 

20 

4330 

5,800 

100,900 

45 

1050 

3,800 

90,700 

20 

1100 

Typical  plots  of  equilibrium  temperatures  for  angles  of  attack 
of  45*  and  20*  ec^n  be  seen  in  Figure  VI-1  and  VI-2.  The  equilibrium 
temperatures  that  have  been  calculated  at  some  points  on  the  glider 
appear  to  be  large.  Prastical  design  would  require  that  these  temp¬ 
eratures  be  reduced  by  changing  the  trajectory,  configuration,  or  by 
incorporating  a  suitable  refractory  material. 

2.  REDUCTION  OF  THE  MODULUS  OF  ELASTICITY 


One  effect  of  elevated  temperature  is  the  reduction  of  the 
modulus  of  elasticity  and  the  consequent  reduction  of  natural  fre- 
quehcies  of  the  glider.  However,  for  the  glider  studied,  the  fre¬ 
quencies  are  sufficiently  high  that  the  reduction  is  not  detri¬ 
mental,  For  a  typical  re-entry  material  the  change  is  frequency 
with  temperature  is  shown  below. 


OO  -  Frequency  at  room  temp, 
o 

lJ  =  Frequency  at  temp,  t 

V 
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fiEDUCTION  OF  ALLOWABLES 


As  illustrated  below,  the  reduction  of  allowable  stress  in  the 
re-entry  material  used  above  is  the  most  significant  affect  of 
temperature* 


(F 

Tf 


Ty  ^  t 
Ty^o 


stress  at  room  temp, 
stress  at  temp.  t. 


C.  MANEUVER. 


A  static  aeroelastic  analysis  of  maneuver  loads  has  bean  con¬ 
ducted.  The  results  in  panel  load  per  g  are  shown  in  Figure  VI-3o 


D.  GUSTS 


1,.  INTRODUCTION  TO  GUST  ANALYSIS 

The  response  of  any  vehicle  due  to  atmospheric  turbulence  may 
be  treated  by  considering  the  atmosphere  as  a  series  of  discrete 
gusts  or  as  continuously  random  turbulence.  The  latter  method  as 
discussed  in  Section  IV  and  Appendix  G  is  a  more  realistic  repre¬ 
sentation  of  the  atmosphere tthaA  the  former. 

To  determine  if  the  passage  of  a.nj  vehicle  through  atmospheric 
turbulence  Is  critical  some  measure  of  load  must  be  obtained.  Usually 
the  bending  moment  distribution  is  satisfactory,  but  for  a  delta¬ 
winged  glider  a  better,  though  more  complicated,  measure  is  panel 
loads. 


Since  for  our  particular  case  the  glider  loads  due  to  the  atmos¬ 
pheric  turbulence  are  not  critical,  the  bending  moment  at  station  337 
is  taken  for  demonstrative  purposes.  In  one  case,  however,  the  panel 
loads  are  determined  to  show  the  method  and  the  results.  If  the 
loads  are  critical  more  cases  can  be  considered.  For  some  cases  the 
mmceleration  of  the  center  of  gravity  of  the  vehicle  is  determined 
in  addition  to  the  bending  moment. 
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FORMULATION  OF  PROBLEM 


The  glider  is  represented  by  as  many  as  four  degrees  of  freedom, 
i,e.,  rigid  body  translation,  rigid  body  pitch,  and  the  first  two 
coupled  flexible  degrees  of  freedom.  The  glider  is  assumed  to  be 
cool,  and  not  to  have  suffered  permanent  deformations  during  re-entry. 

The  aerodynamic  forces  acting  on  the  glider  have  been  determined 
by  assuming  that  the  lift  acting  on  each  panel  depends  only  on  the 
local  motion  with  a  modified  lift  curve  slope  determined  from  a  com¬ 
bination  of  experimental  and  theoretical  work.  This  assximption  neg¬ 
lects  the  effects  of  pressure  interaction  between  a  given  panel  and 
€uiother.  In  addition,  no  aerodynamic  lag  effects  are  included,  and  the 
glider  controls  are  assumed  to  be  locked. 


The  perturbation  equations  of  motion  have  been  developed  using  the 
wind  tunnel  axes  as  described  in  Appendix  D; 
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(VI-5  ) 


Z. 


Represents  Siimraation  Over  the  Vehicle 


*  q. 


V  V 


q  j  lynamic  Pressure 

Vg  I  Velocity  of  Gust 

S  t  '  Panel  Aree 

:  Lift-curve  Slope 

X  J  Distance  Prom  Mass  Center  to  Panel 


The  force  summation  has  been  used  to  determine  the  various  loads* 

The  vehicle  properties  are  represented  by  constants  for  each  alti¬ 
tude  band  considered,  and  the  constants  are  evaluated  at  the  midpoint  of 
each  band.  The  values  that  are  used  can  be  found  i;  Table  VI-  2*  The 
value  of  the  lift-curve  slope  is  determined  by  using  Pig.  IV-2. 


TABLE  VI-2  -  VEHICLE  PROPERTIES 


Altitude  Band 

Peet 

Dynamic 

Pressure 

Ib/ft^ 

Air 

Speed 

ft/sec 

Speed  of 
Sound 
ft/sec 

Mach 

Number 

Lift-curve 

Slope 

0  -  10,000 

214 

457 

1098 

.416 

1.788 

10,000  -  20,000 

214 

555 

1056 

.506 

1.825 

20,000  -  50,000 

214 

654 

1017 

.625 

1.875 

50,000  -  40,000 

214 

762 

975 

.785 

1.925 

5.  RESULTS 

a.  RANDOM  GUSTS 


In  order  to  determine  the  number  of  degrees  of  freedom  that  are 
necessary  for  accuracy,  a  two  degree  of  freedom  and  a  four  degree  of 
freedom  system  have  been  examined  using  the  continuous  atmospheric 
turbulence  approach  as  outlined  in  Section  IV.  The  bending  moment 
expected  once  in  a  hundred  flights  at  an  average  altitude  of  1000 
feet  and  at  a  speed,  of  450  fps  for  station  52?  has  been  determined. 
The  results  can  be  seen  in  Table  VI-5» 
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TABLE  VI-3 


EFFECTS  OF  FLEXIBILITY 


Number  of  Bending  Moment 

Degrees  of  Station  32? 

Freedom 


2  45.48  X  10^  in-lbs 

4  48.72  X  10^  in-lbs 


The  addition  of  the  flexible  degrees  of  freedom  results  in 
approximately  a  79^  increase  in  bending  moment.  For  this  glider 
the  frequencies  of  the  flexible  degrees  of  freedom  are  6.57  and 
l4.06  cps.  The  flexible  degrees  of  freedom  will  be  more  important 
if  the  frequencies  are  of  the  order  of  one  or  two  cycles  per  second. 
For  the  vehicle  studied  two  degrees  of  freedom  seem  adequate  for 
demonstrative  purposes. 

Using  two  degrees  of  freedom  and  assuming  that  the  glider 
travels  approximately  100,000  feet  in  each  altitude  band,  the  bend¬ 
ing  moment  at  station  327  and  the  center  of  mass  acceleration  ex¬ 
pected  once  in  one  hundred  flights  for  each  altitude  band  have  been 
calculated  and  are  shown  in  Table  VI-4. 

TABLE  VI-4  -  RESPONSES  DUE  TO  CONTINUOUS  TURBULENCE 


Altitude  Band 

Bending  Moment 

Center  of  Mass 

Feet 

Station  32? 

Acceleration 

10^  in-lbs 

ft/sec^ 

0  -  10,000 

45.0 

20.57 

10,000  -  20,000 

38.88 

25.17 

20,000  -  30,000 

57.56 

24.26 

30,000  -  40,000 

29.40 

19.00 

As  can  be  seen  both  measures  of  response  are  smaller  at  the 
higher  altitudes  and  increase  as  the  glider  approaches  sea  level. 

In  order  to  determine  the  bending  moment  expected  once  in  one 
hundred  flights  the  procedure  outlined  in  Section  IV  has  been  used. 
The  results  are  presented  in  Figure  VI-4  which  gives  the  exceedance 
curve  for  the  total  flight.  Fig.  VI-4  shows  that  the  bending  moment 
expected  once  in  one  hundred  flights  is  48,120  in-lbs. 

b.  DISCRETE  GUSTS 


ka  previously  mentioned  only  one  case  is  considered  in  deter¬ 
mining  the  pcuiel  loads.  The  vehicle  is  assumed  to  be  flying  with  a 
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speed  of  4^0  fpa,  a  dynamic  pressure  of  2l4  Ib/ft  and  at  an  alti¬ 
tude  of  1,000  feet.  The  loads  equations  have  been  written  for 
thirty  panel  points,  and  they  have  been  solved  along  with  the  equa¬ 
tions  of  motion  for  three  degrees  of  freedom  on  the  analog  computor 
using  a  ( 1-cos 4>t)  forcing  fimction.  The  frequency  used  corresponds 
approximately  to  the  pitch  frequency  which  is  six-tenths  cycle  per 
second. 

Typical  responses  to  the  (l-cos<<tft)  input  are  shown  in  Fig.  VI-5. 

The  panel  loads  for  a  one  foot  per  second  gust  are  reduced  to  a 
pressure  distribution  in  pounds  per  square  inch  per  panel.  Since  some 
of  the  load  peaks  are  180*  out-of -phase,  two  loading  conditions  cor¬ 
responding  to  the  first  and  second  peaks  of  time  history  of  loads  have 
been  computed.  The  results  can  be  seen  in  Pig.  VI-6  and  VI-7.  To  de¬ 
termine  the  loads  for  any  gust  magnitude  it  is  only  necessary  to 
multiply  each  load  by  the  gust  magnitude. 
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Temporaturt2,  °F 

ot  .  45° 

Altitude  1  3.10,000  Ft. 
Velocity  »  31,'i00  fpa 
Turbulent  Flow,  Low«r  Surface 
Laminar  Flow,  Stagnation  Point 
and  Leading  IMge 


4600 


Temperature,  °F 
Oc  =  30° 

Altitude  »  220,000  Ft. 
Velocity  -  21,400  fpo 
Turbulent  Flow,  Lover  Surface 
Laminar  Flow,  Stagnation  P>lnt 
and  Leading  Edge 


FIO,  VI-1  EqUILIAHHW  TEUPiaATUiLiG 


FlC.  VI-3  EQUILIBRIUM  TEMPERATURES 


FIG.  VI-3  MWIEUVER  LOXDS 
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Averag< 


FIG.  VI-4  BENDING  MCMBNT  EXCEEDANCES  DUE  TO  ATMOSPHERIC  TURBULENCE 
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typical  tending  moment,  ft-lbs 


« 


typical  panel  load,  lbs 


ruMl  load!,  lo3  Lba/ln^ 

Inertia  loada  plua  Aerodynaalc  Loads 

Ona  root  par  Second  (l-COSa>t)  Oust 

«>  -  .6  CPS 
First  Peak 


no.  VI-6  DISCRETE  COOT  LOADS 


Panel  Loads,  lo3  U>u/Zl? 

Inertia  U>ada  plus  Aerodynanlc  Loads 

One  Foot  per  Second  (1-COS  tOt)  oust 

««>  -  .6  CPS 

Second  Peak 


FIG.  VI-7  DISCRETE  COOT  LOADS 
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YJI.  LANDING  AND  RECOVERY 


A.  GENERAL  DISCUSSION 
lo  INTRODUCTION 

Landing  might  be  defined  as  the  cessation  of  the  relative  motion 
between  a  vehicle  and  a  solid  or  liquid  at  or  near  the  bovmdary  of  the 
medium.  While  crude,  this  definition  serves  to  describe,  in  many  cases, 
the  landing  of  airborne  vehicles.  One  of  the  major  problems  encountered 
in  landing  is  confined,  thougji  not  solely,  to  the  determination  of  the 
component  normal  to  the  boundary  of  the  landing  surface  of  the  time  rate 
of  change  of  the  relative  momentum  of  the  vehicle.  Although  it  is  possible 
to  gradually  reduce  this  component  to  zero  at  contact  of  the  vehicle  with 
the  boundary  in  the  case  of  some  vehicles  (dirigibles)  such  is  not  the 
case  in  the  more  conventional  craft  which  attain  a  nominal  terminal  velocity 
in  normal  landing  (as  in  the  flare-out  condition  of  a  winged  vehicle,  the 
'•free-fall”  of  a  ballistic  missile,  or  a  parachuted  body).  For  vehicles 
of  the  latter  type,  it  is  at  and  subsequent  to  contact  that  the  large  land¬ 
ing  loads  are  induced. 

2.  MECHANICS  OF  UNDING 


Those  laws  of  physics  which  are  pertinent  to  the  investigation  of  the 
landing  problem  are: 

Conservation  of  mass 
Conservation  of  momentum 
Conservation  of  energy 
Claus ius-Duheim  inequality 

It  is  rather  significant  to  note  that  a  change  in  the  momentum  of  the 
landing  vehicle  need  not  necessarily  imply  a  change  in  the  energy  of  the 
vehicle,  but  merely  a  conversion  of  the  energy  to  a  different  form.  On  the 
other  hand,  the  converse,  as  related  to  external  forces,  is  not  true,  lliis 
occurs  for  the  simple  reason  that  the  application  of  a  force  f  will  always 
be  accompanied  by  an  impulse,_/J'  dt,  but  it  is  possible  that  no  workyP'dr 
will  be  done  if  the  force  is  transverse  to  the  displacement  or,  what  is 
more  applicalbe  in  the  case  of  landing,  if  the  forces  act  through  no  dis¬ 
placement.  Consider,  as  a  comparative  set  of  examples,  the  followingt 

i.  A  translating  rigid  vehicle  lands  on  a  rigid  frictionless  surface  in 
such  manner  as  to  cause  the  rear  gear  to  first  come  into  contact 
with  the  surface.  The  contact  force  f  acts  through  zero  displacement. 
Hence  ho  work  is  done  on  the  vehicle  by  P;  there  is  a  change  in  the 
linear  momentum  in  the  amount  of  J  f  dt  and  there  is  a  change  in  the 
angular  momentum.  Neglecting  dissi^tive  forces,  the  energy  is 
conserved  and  whereas,  before  the  vehicle  was  translating,  it  is 

now  translating  (in  general)  and  rotating. 

ii.  If  the  rear  gear  is  provided  with  a  deformable  mechanism  on  one  end 
of  which  acts  ’  the  landing  force  and  on  the  other  end  a  force  Pg 

transmitted  in  turn  to  the  vehicle,  then  while  the  work  done  by 
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(for  a  rigid  frictionleas  landing  surface)  would  be  zeroy  the 
work  done  by  9^  would  not  be  zero* 

Hence,  part  of  the  energy  now  appears  in  the  work  of  deforming 
the  landing  meohanism,  the  remainder  occurring  in  rigid  body 
translation  and  rotation  Just  as  before.  If  the  landing  mech¬ 
anism  is  partially  elastic,  some  of  the  work  done  by  has 
simply  conyerted  the  rigid  body  energy  into  the  potential  energy 
of  the  elastic  mechanism,  the  remainder  of  the  work  done  by  ^2 
in  pezmanently  deforming  the  mechanism  appears  as  a  change  in'^ 
internal  energy  of  material  (rise  in  tempera tiu^e  thus  satisfying 
the  Clauslus-Ouheim  inequali^).  This  landing  mechanism  illus¬ 
trates  only  one  of  many  ways  in  which  the  energy  of  a  body  may 
change  form  (kinetic  to  potential  in  the  case  of  elastic  mediums, 
and  kinetic  to  thermal  in  the  case  of  dissipative  mediums).  Note 
that  in  no  Instance  has  the  total  energy  of  the  vehicle  been  de¬ 
creased,  rather  it  has  been  transformed.  Only  in  the  event  that 
the  forces  external  to  the  vehicle  act  through  finite  displace¬ 
ments  is  the  total  energy  of  the  vehicle  changed  (e.g.  aerodynamic, 
hydrodynamic,  gravitational,  landing  surface). 

it  the  instant  of  impact  and  for  a  short  dtiration  thereafter,  the 
external  forces,  normal  to  the  landing  surface,  acting  on  the 
vehicle  serve  to  dissipate  energy,  save  one,  the  gravitational 
forces  about  which  little  can  be  done  in  ordinary  cases.  Althougdi 
significant  qiiantities  of  energy  can  be  removed  from  the  system 
(vehicle)  by  these  forces  (aerodynamic,  hydrodynamic,  friction), 
so,  too,  can  significant  quantities  of  gross  kinetic  energy  be 
transformed  into  heat  by  dissipative  landing  mechanisms.  The 
latter  method,  while  not  removing  energy  from  the  vehicle,  does 
transform  it  into  internal  energy  of  the  material  of  the  vehicle, 
an  irreversible  process  which  decreases  the  kinetic  energy  and 
transforms  it  in  a  manner  such  that  once  transformed,  this  energy 
(heat)  will  not  reappear  as  kinetic  energy.  Insofar  as  the  heat 
thus  produced  does  not  result  in  prohibitive  temperatures,  the 
"dissipative  landing  mechanism"  provides  an  effective  method  for 
decreasing  the  kinetic  energy.  Similar  remarks  apply  to  other 
mechanisms  in  the  vehicle  which  are  capable  of  providing  irrevers¬ 
ible  transformations  of  energy. 

3.  BODWDS  ON  THE  ACCELERATION 


Bounds  on  the  maximum  acceleration  of  the  mass  center  induced  during 
landing  can  be  set  independent  of  the  type  of  mechanism  employed.  Consider 
a  vehicle  having  mass  M  and  a  velocity  of  the  mass  center  v.  The  resultant 
force  acting  on  the  vehicle  normal  to  the  boundary  at  any  instant  ist 


5  .  f  -  n  .  (mV) 

In  scalar  notation: 


(TII-1) 

(TII-2) 


n3 
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where 


n  :  defines  the  normal  to  landing  surface,  and  it  is  assumed  that 
dn/dt  -  0. 


If 


r'^ 

/  P  dt  -  M  V  (O)  then  the  vehicle  will  continue  toward  or 
Jo  ^  ^ 

penetrate  the  boundary  of  the  landing  medium;  now  let  be  the  first 

instant  such  that: 


/■ 


1 

P  dt 
n 


-  MV  (0) 
n'^  ' 


(  VII-3) 


and  let  be  the  distance  traveled  normal  to  the  boundary  by  the  mass  center 
from  the  instant  of  contact: 


s  ( T, )  -  /  V  dt 

n'  1^  J  n 


(  VII-4) 


It  would  follow  from  the  relation  V  d  V  a  a  dS  that 

n  n  n  n 


max 

‘  2iTfr) 

and  that 

=  YJJo) 

1-  n  -*max 

r  2  ajp 

if  and  only 

if  a  (t) 

m 

a  ( X )  -  constant 

L  n'  J  max 

where  [ 

]  max 

means  "maximum  value  of." 

(  VII-5) 
(  VII-6) 


Hence,  a  lower  bound  on  the  maximum  acceleration  can  be  easily  set  by 
knowing  the  initial  normal  velocity  V  (O)  and  the  displacement  of  the  mass 
center* 


Unfortunately,  no  rational  basis  exists  for  placing  an  upper  boimd  on 
the  acceleration  of  the  mass  center  without  detailed  knowledge  of  the  structure, 
landing  gear,  etc.  However,  acceleration  displacement  histories  chosen 
arbitrarily  might  provide  a  rough  estimate  (l^2). 

Consider  a  landing  on  a  linear  elastic  medium. 


Assiune  a 


k  S  ,  then 
n  * 


V  -  »,(  V  %  (  V 


Hence, 


T„^(0) 


>^V(o)  (vii-7) 


(  vri-e ) 


Comparison  of  Eqns  and  711-6  indicates  that,  for  comparable 

conditions,  the  maximum  normal  acceleration  of  a  vehicle  landing  on  a  linear 
elastic  medium  will  be  twice  that  obtained  for  a  lower  bound. 


Ult 
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4.  SPECIFIC  MECHANISMS  USED  IM  LANDINQ 


The  landing  problem  is  critically  dependent  on  the  square  of  the  normal 

component  of  velocity  at  the  instant  of  contact,  (o);  hence  mechanisms 

such  as  flaps,  parachutes  and  reaction  jets  are  significant  in  the  success¬ 
ful  solution  to  the  overall  landing  problem.  For  indeed,  the  lower  bound 
on  the  acceleration  is  primarily  determined  by  V^(o),  Eqn.  (VII-5). 

Having  V^(o)  and  the  upper  bound  will  depend  on  the  specific 

landing  mechanism.  The  mechanics  of  several  landing  mechanisms  are  described 
belowi 

i.  In  the  conventional  approach,  only  part  of  the  total  kinetic  energy 
is  associated  with  the  normal  component  of  velocity,  the  other  part 
(often  large)  is  associated  with  the  tangential  component  of 
velocity.  Hence,  if  the  flight  path  is  primarily  tangential  to 

the  surface,  the  terminology  of  tangential  landing  is  employed.  In 
a  conventional  approach,  oleo  struts  are  often  used;  energy  of  de¬ 
formation  is  irreversibly  transformed  into  heat  by  flow  of  a 
viscous  fluid  through  an  orifice.  Plastic  straps  may  be  used 
(replaceable  after  each  landing)  to  perform  the  same  function, 
the  deformation  of  a  plastic  material  being  the  irreversible  pro¬ 
cess  used  to  transform  kinetic  energy  into  heat. 

Either  of  these  struts  can  be  used  with  tires  or  skids  in  the  case 
of  landing  on  a  solid  surface  or  with  skis  or  pontoons  in  the  case 
of  leunding  on  a  fluid  surface. 

The  amount  of  energy  associated  with  the  normal  ci/mponent  of 
velocity  dissipated  into  a  solid  surface  is  generally  insigni¬ 
ficant;  however,  in  the  case  of  landing  on  a  fluid,  considerable 
portions  of  this  energy  can  be  transferred  from  the  vehicle  to 
the  fluid  at  a  variety  of  rates  (depending  on  the  geometry  of  the 
ski  or  pontoon). 

ii.  The  "normal”  approach  is  characterized  by  the  flight  path 
being  nearly  normal  to  the  landing  surface.  The  nose  spike  has 
been  used  in  the  terminal  phase  of  recovery  of  vehicles;  the  kinetic 
energy  of  the  vehicle  using  a  nose  spike  is  dissipated  into  the 
medium  on  which  the  vehicle  lands,  solid  or  fluid;  some  kinetic 
energy  is  dissipated  by  deformation  of  the  spike  itself.  The 
hydraulic  limiter  can  be  used  alone  or  in  series  to  modify  the 
deceleration-time  history,  by  providing  a  dissipative  mechanism 

in  which  the  deformation  rate  versus  energy  transformed  is  known. 

The  airbag  is  much  the  same  as  hydraulic  limiter,  the  controlled 
dissipative  mechanism  being  attached  to  either  the  landing  surface 
or  the  vehicle  (52). 


WADD  TR  60-518 


115 


B 


GROUND  LANDINQ 


1.  DESCRIPTION  OF  THE  SYSTEM  STUDIED 

The  glide  vehicle  is  idealized  as  a  plate  having  two  flexible  modes, 
fitted  with  a  single  conventional  oleo-pneumatic  strut  and  wheel  (forward 
gear)  and  two  symmetrically  placed  plastic-elastic  yield  straps  and  skid 
(after  gears),  and  acted  upon  by  an  aerodynamic  lift  and  damping  moment. 

The  analog  computer  has  been  employed  to  solve  the  resulting  nonlinear 
equations  of  motion;  electronic  representation  of  the  oleo-pneumatic  strut 
and  the  plastic-elastic  yield  strap  have  been  made  by  meeins  of  a  collection 
of  relatively  simple  circuit  elements  (see  Appendix  G), 

The  Iginding  surface  is  presumed  to  be  fixed  with  respect  to  a  suitable 
inertial  reference  frame.  Three  auxiliary  variables  are  introduced  in 
addition  to  the  generalized  coordinates  shown  in  Fig.  VII-6, 

y^^  :  deformation  of  the  oleo-pneumatic  strut 

y2  :  displacement  of  the  center  of  the  wheel  of  the 
forward  gear. 

Yj  :  displacement  of  the  upper  end  of  the  after  gear  strut 

Also  two  body  fixed  coordinates  ^  ,  in  the  plauie  of  the  wing  are 
introduced  for  the  pui7>ose  of  specifying  the  gear  locations;  see  Pig,  VII-6, 

The  Lagrangian  equations  governing  the  motion  are: 


N 

9,  (A)+  Qg  (L) 

Q  (A)+  (L) 

^9  \  ) 

(  A  )  +  (  L  ) 

0  (a)+  0  (l) 

q2  <l2  j 


where. 


m  :  mass  of  the  glider 

21  mxP  :  mass  moment  of  inertia  about  the  mass  center 


(VlI-9  ) 


Mi»  Mg,  qj^,  t  generalized  masses,  generalized 

coordinates  and  characteristic  frequencies, 
respectively,  associated  with  the  symmetrical 
Aomal  modes  of  glider  flexibility, 

Q  (a),  Q  (L)  :  generalized  forces  associated  with  aerodynamic 

and  landing  forces  respectively. 
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2. 


GENSRALIZEP  FORCE  ARISING  FROM  AERODYNAMIC  FORCES,  Q^(a) 


The  aerodynamic  lift  is  assumed,  to  act  through  the  mass  center  of 

the  vehicle  and  normal  to  the  landing  surface  and  is  dependent  only  on  the 
rigid  body  angle  of  attack.  The  aerodynsunic  moment  Lg  is  dependent  only 

on  the  body  rotational  motion.  The  terms  arising  from  are  given  by: 


«^(A) 


-  1/2/>[4^(0)] 


+  c. 


H  -  4  (0) 


-  lA/»(q^(0)]  V  0^ 


(VII-10) 

(vii-n) 


Q  (A)  -  0 


where 


(VII-12) 


^  :  air  density  (standard 

:  slope  of  the  lift-angle  of  attack  curve  (assumed  constant) 

S  :  reference  area  (plan  form  area  of  the  glider) 

:  coefficient  of  aerodynamic  damping  moment  (assiused  constant), 
C  :  reference  length  (length  of  glider) 


Obviously  no  great  effort  has  been  expended  to  account  in  detail  for 
the  aerodynamic  forces,  the  reason  being  that  upon  landing  ,  the  attitude, 
(equilibrium  glide)  is  abruptly  changed,  so  as  to  cause  Lj^  — »  0,  adding 

to  the  impact  a  force  almost  eqxuil  to  the  weight.  To  include  this  effect 
seemed  highly  significant,  but  the  manner  in  which  L^—  ■ »  0  as  ^ — ►  0  is 

estimated  to  be  of  little  significance;  hence  a  simple  aerodynamic  theory 
is  used.  The  dissipation  of  energy  resulting  from  aerodynamic  dsunping 
provides  a  refinement  in  the  analysis  without  a  disproportionate  amount 
of  additional  labor. 

3*  GENERALIZED  FORCE  ARISING  FROI-I  LANDING  GEAR  CONTACT  (15?)  Q^(L) 

The  forward  gear  is  composed  of  a  linear  elastic  tire  of  neglible  mass, 
mounted  on  the  end  of  a  massless  oleo  strut  which  acts  as  a  rigid  rod  until 
a  fixed  preload  is  exceeded;  thereafter  it  acts  as  an  energy  absorber  by 
metering  a  viscous  flow  of  oil  throu^  an  orifice  and  allows  an  isothstaal 
compression  of  the  gas  in  the  strut  column.  The  forward  gear  force  (assumed 
normal  to  landing  surface)  acting  on  the  glider  is  given  by: 
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'0, 

Fl 

' 


72!  0 


P^A 

0  <  yg  <  ,  y^^So 


(vii-13) 


/^o^^jyil  yi 

2ol  .Hy,) 


+  P,A 


A 


1  a 


\  P-iA 

>  1  a 


»  yo  -  -T"  f  y^>  0 


where 


k 

A 


aCy^^) 


tire  spring  constant 

net  area  of  the  oleo  pnetunatic  cylinder 

net  orifice  area 

orifice  coefficient 

gas-spring  preload 

mass  density  of  oil 

air  pressure  in  fully  extended  strut 

length  of  air  column 


While  the  assumption  that  the  compression  of  the  gas  column  in  the 
strut  takes  place  isothermally  is  probably  not  as  sound  physically  as  an 
assumption  of  adiabatic  compression,  fair  correlation  is  obtained  using 
the  isothermal  assumption  in  practice;  moreover,  the  problem  of  simulat¬ 
ing  the  compression  is  somewhat  simplified  by  using  the  isothermal 

assumption. 


The  components  of  the  force  acting  on  the  rear  gears  (plastic- 
elastic  yield  strap)  normal  to  the  landing  surface,  Fg,  as  a  function 

of  deformation  y^  are  described  in  FIG.  VII-7*  Let  ^(yj)  Le  the  ordinate 

of  the  curve  in  FIG.  VII-7;  then, 


/ 


0, 


max 


f(y3  ) 

•^max 


^(yj  ) 


max 


max  .  < 

k —  <  y?  “  y3 

E  ^  ^max 


y3  i  y 

^raax 


(Vlt-lli) 


¥ADD  TO  60-518 


118 


where  y-  is  the  maximum  of  the  positive  values  of  y,  obtained  up  to 
^max  ^ 

the  instant  in  question,  and  k^,  is  the  slope  of  the  elastic  recovery 

portion  of  the  curve  shown  in  Pig.  VII-7. 


The  horizontal  component  of  the  force  acting  on  the  rear  gears,  P,, 
results  from  friction  between  the  skids  and  the  Isuiding  surfaces:  ^ 


F,  ■  - 

where  ^  ;  coefficient  of  friction 

Having  defined  these  forces,  (L)  becomes: 
a  (L)  .  Ftp 

V’')  ■'/’„(»  1- n)  ^  (5  2- 72)^2 


(Vll-15) 


(VII-16) 

(VII-17) 


(VII-18) 


4.  GEOMETRICAL  CONSTRAINTS 

The  various  coordinates  are  not  all  independent;  certai.i  obvious 
geometrical  constraints  are  necessaiy;  see  Pig.  YII-6. 

+  bq^  ^3"’^  (VII-19) 

4a  "  ®4g  +  72  “  0  (VlI-20) 

5.  INITIAL  COKDITIOKS 

An  equilibrium  glide  approach,  at  a  specified  sinking  speed  requires: 


q^(0)  -  0  (VII-21) 

^(o)  :  specified  sinking  speed  (711-22) 

*q^(0)  -  0  (711-23) 

q^(0)  -  0  (711-24) 

4g(0)  -  0  (711-25) 

^(0)  -  0  (711-26) 
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Presuming  that  the  modal  displacement  and  modal  velocity  of  the 
vehicle  are  zero  at  the  instant  of  contact  requires: 

^(O)  =  ®  each  n,  (VII-27) 

The  zero  datum  of  y,  is  specified  such  that  at  the  instant  of 
contact  of  the  after  gear  with  the  landing  surface^ i.e.  t  «  0: 

yj(0)  =  0;  (VII-28) 

and  the  zero  datum  of  y™  is  specified  at  the  instant  of  initial  contact 
of  the  forward  gear  with  the  landing  surface,  i.e.,  t 

^2^^)  ~  0  (VII-29) 

6.  SOLUTION  OF  THE  EQUATIONS 

The  nonlinear  equations  of  motion  thus  obtained  present  a  difficult 
problem,  if  one  were  to  use  ordinary  methods  of  digital  solution;  however, 
the  solution  is  easily  obtained  by  electronic  analog,  as  described  in 
Appendix  G, 

7.  RESULTS 


The  influence  of  the  flexibility  of  the  glider,  the  location  of  after 
gear  metering  pin  shape  (a(yj^)),  Eqn.  (VII-13)  euid  the 

ultimate  load  on  the  yield  strap  load-deformation  curve  Pig,  VII-7  on  the 
load  induced  in  the  gears  and  at  the  pilot  station  are  given,  in  Table  VII-1 
and  VII-2  respectively. 

IV^pical  traces  obtained  from  the  smalog  study  are  shown  in  Pigs,  VII-8 
and  VII-9. 

The  influence  of  the  metering  pin  shape  on  the  force  P,.  is  explicitly 
illustrated  in  Pigs.  VII-10  and  VII-11, 

8.  CONCLUSIONS 


The  analysis  given  is  believed  to  be  adequate  for  the  purpose  of 
determining  the  force  environment  of  the  vehicle  imder  conventional  landing 
conditions.  The  use  of  an  analog  provides  a  simple  experimental  method 
of  changing  the  parameters  and  minimizing  the  loads.  Por  the  particular 
vehicle  studied,  it  would  seem  that  a  rigid  body  analysis  would  be  quite 
adequate;  and  one  might  extend  this  conclusion  to  vehicles  of  similar 
configuration  in  which  the  first  characteristic  frequency  is  of  the  order 
of  6,5  cps. 

C.  SEA  LANDING  (l48) 

1.  GENERAL  DISCUSSION 

The  purpose  of  this  discussion  is  to  present  the  state  of  the  art  of 
solving  hydrodynamic  impact  problems  (l63)« 
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a.  Formulation  of  the  Froblen 


Consider  a  system  having  tvo  elements t 

1.  A  rigid  body 

2.  An  ideal  fluid 


If  the  rigid  body  has  a  velocity  Yq  initially,  and  the  fluid  is 
motionless  initially,  and  if  the  mass  of  S  is  conserved,  then 
the  conservation  of  momentum  states  thatt 


M7  -  +  0 

J  vol.  fluid 


(VII-50) 


where 


M  t 
f  t 


mass  of  rigid  body 

velocity  of  M 

t  velocity  field  of  fluid 

^  t  density  of  fluid 

dy  t  Incremental  volume  of  fluid 

Consider  a  single  direction,  say  the  vertical,  then  (l)  can  be 
written! 


a  •  (Mf  -  )  +  a*  de/-  0 

®  -'vol.  fluid 


(YII-51) 


where  a  t 
Let 


unit  vector  in  the  vertical  direction. 


(YII-52) 


Eqn.  (711-52 )  serves  to  define  m,  the  virtual  mMs;  that  is,  a 
mass  having  the  same  velocity  component  as  M  during  the  impact, 
and  hence  m  appears  mathematically  to  act  with  M.  !Ihe  virtual 
mass  has  little  or  no  physical  reality.  If  for  a  given  rigid 
body  and  a  given  fluid  one  can  estimate  by  a  prescribed  rule 
the  value  of  m,  then  a  convenient  "dodge"  of  the  rather  form¬ 
idable  problem  of  evaluating  the  integral  in  Eqn.  (TII-30)  is 
effected.  If  the  fluid  is  considered  ideal,  then  the  problem 
of  finding  the  virtual  mass  is  reduced  to  one  of  geometry,  and 
the  force  of  impact  is  obtained  by  quadrature 


r  ^  ■  r 


dt 


where 

z  I  penetration  into  the  fluid 


(711-33) 
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b.  Solutions  to  the  Problem  (152) 

1.  T.  von  Karman  estimated  that  for  an  infinite  wedge  entering 
the  fluid  vertically  and  symmetrically  (2  dimensional  problem), 
the  virtual  mass  was  that  enclosed  in  a  semicircular  cylinder 
as  shown  in  Pig.  VII-2a. 

2.  H.  Wagner  used  a  semicircular  cylinder  approximation  but 
calculated  the  water  rise  on  the  sides  of  the  wedge,  see 
Fig.  VII-2b,  and  used  the  corresponding  width  to  determine 
the  diameter  of  the  semicircular  cylinder.  Wagner  also 
solved  for  the  virtual  mass  associated  with  the  potential 
flow  \uider  a  wedge  immersing  at  constant  speed. 


PIG.  VII-2 


1» 
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The  last  integral  in  Eqn*  711-3^  need  only  be  evaluated  on 
the  coanon  surface  between  the  solid  and  the  fluid, 
evaliiation  on  and'''S^  being  zero,  Fig.  VII- 5‘.  This 

cuialysis  was  also  extended  to  give  the  force  on  an  ijmnersing, 
ayoDetri'cal  two  dimensional  body.  Further,  the  work  of 
Bisplinghoff  and  Boher'^  is  significant  in  thatt 

i)  A  concise  review  of  previous  (1952)  work  is  given. 

ii)  A  set  of  accurate  experimental  data  is  presented  which 
serves  to  Mtablish  the  applicability  of  two-dimensional 
analysis.  ■' 

Hi)  A  ratioaml  procedure  is  detailed  for  the  reverse 

problem I  that  is,  given  the  desired  force-time  relation, 
^diat  should  be  the  geometry  of  the  body. 
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5. 


Shiffinan  and  Spencer  (l6l)  present  a  method  for  solving  the 
impact  of  an  axially  symmetric  cone  entering  the  fluid  normally 
(essentially  a  two-dimensional  problem).  The  analysis  makes 
use  of  similarity  of  flow,  potential  theory  and  the  exact  free 
surface  condition  (Pig.  VII-  3 )»  namely, 


3  8 


0 


(vil-35) 


where  r  position  vector  of  a  particle,  taken  in  the 
'  Lagrangian  sense 


this  analysis  indicates  clearly  the  difficulties  involved,  for 
to  obtain  a  solution,  one  must  (i)  estimate  the  shape  of  the 
free  surface  and  (il)  calculate  a  Green's  fimction  satisfying 
the  boundary  condition,  (iii)  then  re-estimate  the  shape  of 
the  free  surface,  etc.  So  difficult  is  the  procedure  that  only 
one  cone  angle  is  investigated  numerically. 


An  approximate,  theory  is  presented,  by  taking  the  virtual  mass 
to  be  that  fluid  enclosed  in  an  ellipsoid  enveloping  the  portion 
of  the  cone  which  penetrates  beneath  the  fluid  surface. 

6.  In  conclusion,  then,  the  exact  formulation  of  the  impact  problem 
does  not  admit  of  a  simple  solution.  Using  two  dimensional 
potential  flow  and  relaxing  some  of  the  boundary  conditions 
(namely,  letting  the  potential  at  the  free  surface  be  aero) 
estimates  of  the  integral  of  Eqn.  VII-30  and  hence  the  virtual 
mass  can  be  made  which  show  fair  to  good  agreement  with  the 
experimental  data.  In  no  instance  is  a  general  theory  of 
hydrodynamic  impact  proposed,  rather  particular  theories  >re 
applied  to  certain  cases  in  which  the  geometry  is  very  simple. 

Pew  instances  exist  in  which  the  compressibility  and  viscosity 
of  the  fluid  are  considered,  wd  not  then  neglected.  In 
practically  all  instances  the  Immersing  body  is  considered  to 
be  rigid. 

2.  TANGi»TIAL  LANDING  OK  A  FLUID  SURFACE  BIPLOYING  SKIS 

The  theories  presented  by  Mayo  (l32)  for  the  nonohlne  immersed  case, 

Pig.  VII-;4.a  and  by  Schnitser  (l6o)  for  the  chine  immersed  case,  Pig.  YII-4  b, 
show  good  agreement  with  the  respective  experimental  data. 
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In  Fig*  7II>:5  ,  the  potential  cross-flow  planes  noinal  to  the  keel, 
and  the  coordinates  relative  to  a  horizontal  fluid  surface  are  shown*  The 
virtual  mass  in  each  oross-flow  plane  is  obtained  froa  a  siaple  two 
dlnenslonal  potential  theozy*  In  the  ease  of  nonohine  iamerslon,  the  virtual 
Bass  is  that  given  by  Sydow  nodified  by  a  factor  deteniined  by  an  experiaent 
reported  by  Mayo;  in  the  ease  of  chine  iaaersion,  the  virtual  aass  is  that 
obtained  by  adding  to  the  virtual  aass  before  ohine  iaaersion  the  virtual 
aass  given  by  Bobyleff  for  penetration  equal  to  the  perpendicular  distance 
froa  the  chine  to  the  free  fluid  surface* 


Consider  the  fluid  to  be  invlscid  and  incoapressible*  If  one  views  the 
flow  plane  as  remaining  stationary  in  space,  then  as  the  ski  translates 
(at  a  fixed  angle  of  tria  T  )  in  both  the  y,  and  y^  direction,  the  cross- 
section  of  the  ski  nozaal  to  the  keel  effectively  penetrates  the  fluid  in 
the  flow  plane,  giving  rise  to  an  increment  of  force  in  each  flow  plane* 

The  SUB  of  all  such  increamts  of  force  yield  the  resultant  force  noznal 
to  the  keel* 


To  account  for  the  force  exerted  on  a  finite  length  of  the  ski,  force 
is  multiplied  by  a  correction  factor  given  by  Pabst, 


0a) 

where 


.425 


A' 


MEiK  BEAK,  B 


(VII-36) 


(YII-37) 


Using  the  procedure  outlined  above  the  relation  between  the  force 
exerted  on  the  ski  and  the  penetration  can  be  obtained* 
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In  each  flow  plane 


where 


^  -  “ft  C  ) 

ds 

^  •<t>wl  -It 

(*0  4  )  ds 

F 

n 

f  3a 

W  '*■ 

o<C 

.  1/8 /orrb^  [f(y(3) 

2 

tan 

(  VII-38) 

(  711-59) 


ds 


(  VII-40) 

(  711-41) 


and 


^  "  tanT  f(  ^)  ’ 


b  tan  C,  <  ^  step 

£2.  <  'tMi  4 

b  '  2^ 


h 


tan  T 


TT 


1  1 


Qs.ytan^ 

b 


(  711-4  5) 

(  7II-4^d 

(  711-45) 


An  illustration  of  a  typical  acceleration-tine  history  one  nig^t  expect 
from  a  fixed-trim,  nonchine  innersed  ski  Icuidin^  of  the  glider  studied  herein 
is  shown  in  Fig.  711-12  along  with  the  pert^ent  data.  The  method  suggested 
by  Mayo  (l35)*a8  outlined  above,  is '  used;  ^  (  ^  )  -  1,  is  assumed. 


D.  PABACHUTE5 


Analytical  methods  of  predicting  the  force  exerted  by  a  parachute  during 
and  after  deployment  axa  at  best  semisnpirical  (l4l).  In  the  final  analysis 
one  must  depend  upon  experimental  data.  Fbrtunately,  however,  there  exists 
sufficient  data  in  ordinary  flight  regimes  that  a  successful  parachute 
recovery  system  can  be  designed  (159);  see  references  on  this  subject, 
Appendix  H. 
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TABLE  VII-1 


PEAK  FRONT  GEAR  LOADS  DUE  TO  LANDING  IMPACT,  SHOVING  EFFECTS  OP 
FLEXIBILITY  AND  OF  A  SIMPLE  VARIABLE-DIAMETER  METERING  PIN 


REAR  GEAR  YIELD  STRAP  PEAK  LOAD  =  12,000  lbs. 


Rear  gear 

Constant 

diameter  metering 

pin 

Variable  diameter 
metering  pin 

location 

Rigid-body 

representation 

One  flexible  mode 
in  representation 

Tvo  flexible  modes 
in  representation 

Tvo  flexible  modes 
in  representation 

lbs. 

lbs. 

lbs. 

lbs. 

A 

15,800 

15,000 

14,000 

12,500 

B 

10,300 

10,300 

10,300 

8,250 

C 

6,900 

1 

6,900 

6,900 

6,250 

REAR  GEAR  YIELD  STRAP  PEAK  LOAD  -  6,000  lbs 


Rear  gear 

Constant 

diameter  metering 

pin 

Variable  diameter 
metering  pin 

location 

Rigid-body 

3ne  flexible  node 

Two  flexible  modes 

Two  flexible  modes 

representation 

In  representation 

in  representation 

in  representation 

lbs. 

lbs. 

lbs. 

lbs. 

A 

12^,970 

13,100 

12,750 

11,300 

B 

1 

8,500 

8,500 

0,500 

7,600 

C  No  values  were  obtained  for  this  case  as  the  rear  gear  static 


load  was  over  6,000  lbs. 
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TABLE  VII-2 


PEAK  PILOT  STATION  ACCELERATIONS  DUE  TO  LANDING  IMPACT,  SHOWING  EFFECTS 
OF  FLEXIBILITY  AND  OF  A  SIMPLE  VARIABLE  DIAMETER  METERING  PIN 

REAR  QKAR  YIELD  STRAP  PEAK  LOAD  .  12,000  lbs. 


Rear  gear 

Constant  diameter  metering 

?  pin 

Variable  diameter 
metering  pin 

location 

Rigid-body 

One  flexible  mode 

Two  flexible  modes 

Two  flexible  modes 

representation 

in  representation 

in  representation 

in  representation 

g 

g 

g 

g 

A 

4.34  (4.81)* 

4.25  (5.65) 

4.76  (3.18) 

3.95  (2.50) 

B 

3.40  (2.86) 

3.35  (2.70) 

3.35  (2.77) 

2.68  (2.04) 

C 

2.32  (1.75) 

2.31  (1.66) 

2.48  (2.23) 

2.08  (1.57) 

shown  in  paurenthesis 
ths  rigid  representation 
was  the  second  pe^ 


*(The  second  peak  of  the  acceleration  trace  is 
for  each  case.  Note  that  for  only  one  case, 
with  the  rear  gear  in  the  most  aft  location, 
higher  than  the  first.) 
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FIG.  VII-11  LOAD-TIME  CURVES  SHCWING  EFFECTS 
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APPENDIX  A 


CONFIGURATION  AND  TRAJECTORY 


This  Appendix  contains  the  data  upon  which  the  studies  in  the 
report  are  based.  The  geometry,  weight,  and  stiffness  data  are  given 
in  Fig.  A-1  through  A-6.  It  should  be  emphasized  that  these  data  do 
not  represent  the  result  of  an  extensive  configuration  study  but 
rather  they  are  chosen  as  being  representative  of  a  typical  advanced 
vehicle. 

The  trajectory  data  are  given  in  Fig.  A-7  and  1-8,  These  data 
are  representative  of  a  first-stage  gravity  turn  boost  trajectory, 
and  a  typical  equilibrium  glide  re-entry  trajectory,  i^xcept  during 
the  initial  tilt  from  the  vertical,  the  angle  of  attack  during  first 
stage  boost  is  zero,  and  for  second  stage  boost  it  is  twenty-five 
degrees. 

The  thrust  of  the  first  stage  engines  is  considered  to  vary  with 
altitude  as  given  by  Eqn.  A-1  while  the  thrust  of  the  second  stage 
engines  Is  constant  and  equal  to  20,000  pounds. 

T  -  ♦  A  (p^  -  p)  (A-1) 


where 


T  :  Thrust  at  altitude  h  in  pounds 

T^  :  Motor  thrust  at  sea  level  >  ^00,000  pounds 

A  :  Exit  Area  ■  square  Inches 

2 

p^  :  Atmospheric  pressure  at  sea  level  *  14.7  Ib/ln 

2 

p  i  Atmospheric  pressure  at  any  altitude  in  Ib/ln 
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APPENDIX  B 


MODE  DEIERMIKATION 


1.  INTRODDCTION 


The  veil  known  classical  theory  of  small  vibrations  sets  an  important 
framework  upon  which  the  dynamlclst  c^  rely  in  the  treatment  of  mechanical 
systems  possessing  freedom  to  undergo  infinitesimal  or  small  displacements 
from  a  state  of  equilibrium.  Both  the  formal  and  the  practical  techniques 
of  solving  the  characteristic  equation  for  the  eigen  vectors  (or  modes)  and 
the  characteristic  frequencies  and  the  process  of  orthogonalization  of  the 
eigen  vectors  have  been  studied  since  before  the  time  of  Lord  Rayleigh; 
descriptions  of  these  techniques  and  the  theory  can  be  found  in  many  texts 
and  papers  (see  references  4l  and  166  to  177  inclusive). 

The  utility  of  the  modal  method  (and  it  is  true  of  all  other  analytical 
methods)  is  directly  related  to  one's  ability  to  obtain  the  influence 
coefficients  or  the  stiffness  matrix,  the  Greenb  function,  as  it  is  variously 
called.  It  is  here  that  known  elementary  and  simple  solutions  of  the  theory 
of  elasticity  for  the  static  Icad-defozmation  relations  play  an  important 
role;  most  of  these  solutions  are  for  simple  structural  elements.  The 
challenge  of  either  approximating  a  complex  structure  with  structural 
elements  whose  load-deformation  relationships  are  known  or  solving  the 
complex  structure  for  these  relationships  directly  is  one  that  has  been 
met,  with  fair  success  in  some  cases. 

At  the  time  this  study  was  initiated  the  programs  available  to  the 
contractor  made  it  necessary  to  determine  the  natural  modes  in  three  parts. 
Fart  one  consisted  of  determining  the  natural  modes  considering  the  vehicle 
as  a  flexible  beam.  Part  two  determined  the  natural  modes  of  the  glider 
clamped  along  the  centerline;  part  three  coupled  the  natural  modes  determined 
in  pcu'ts  one  cuia  two.  Each  part  will  be  described  in  some  detail. 

The  modes  are  determined  by  considering  the  liquid  fuel  frozen  and 
the  engine  nozzle  locked.  It  is  realized  that  the  natural  modes  may  be 
determined  by  incorporating  the  fuel  and  engine  as  separate  degrees-of- 
freedom.  In  fact,  many  other  degrees-of-freedom  can  be  included;  however, 
it  is  much  more  desirable  to  determine  the  natural  modes  of  the  basic  system 
and  to  couple  the  various  other  effects  idien  desired. 

2.  BEAM  MODES 


If  a  vibrating  beam  is  put  in  equilibrium  using  D'Alembert's  principle, 
the  free  body  diagram  of  a  segment  of  the  beam  is  as  pictured  in  Fig.  B-1 
and  the  basic  beam  equations  are  (5)< 
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(B-1) 
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■  I  aaaa  per  unit  length 
V  t  total  lateral  deflection 
Kl  t  bending  atlffheaa  of  oroaa  aeotlon 
^  I  lateral  defleetlon  due  to  banding 
^  t  nonent  of  Inertia  per  unit  langth 
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These  equations  of  notion  can  he  solved  for  arbitrary  variations  in 
elastic  and  inertial  properties  of  the  bean  for  many  practical  boundary 
conditions.  Several  approximate  methods  (44)  are  available  to  solve  the 
Eqn.(B-l)  and(B-2)  . 

The  program  used  to  determine  the  beam  modes  is  described  in 
Appendix  G, 


The  stiffness  matrix  of  a  beam  including  bending  def ozmations »  shear 
deformations,  rotary  inertia,  and  static  unbalances  that  is  used  in  this 
study  ia  the  followingi 
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In  this  study  the  configuration  is  such  that  the  rotary  inertias 
can  he  neglected,  and  there  are  no  static  unbalances. 

In  Tables  B-1,  B-2,  and  B-3  tabulated  the  values  necessaxy  to 
compute  the  beam  modes.  The  effective  shear  area  constant  ,k',  is  l/2. 
Fig.  B-4  shows  the  first  three  computed  free-free  beam  modes  at  first 
stage  start  bum. 

3.  PLATE  MOIttlS 


Solutions  of  the  plate  equations  have  been  attempted  by  imposing 
constraints  on  the  streamwise  deformations  (17^»  175)  using  Rayleigh- 
Ritz  methods  (I69,  171)  and  by  directly  attacking  the  differential  equa¬ 
tions  by  finite  difference  methods  (I68,  I70,  177)* 

A  stiffness  matrix  for  thin  plates  bending  under  lateral  forces  and 
edge  couples  suitable  for  the  analysis  of  the  elastic  characteristics  of 
plates  of  variable  thickness  which  is  used  is  presented  below.  The  method 
used  in  this  study,  however,  may  become  obsolete  quickly  as  new  and 
perhaps  better  methods  of  attack  are  formulated. 

The  expression  of  the  bending  strain  energy  ,U,  for  a  plate  of 
uniform  flexural  rigidity  and  isotropic  material  is 

U  -  I  f  f  (w^  +  w  ^  +  2V  w  w^  +  2(1  -V)  w  ^)  dA  (B-4) 

2  J  J  ^  XX  yy  xxyy  '  xy'  ' 

where: 


D 

t 

AMU 

12(l-V) 

V 

: 

Poisson's  ratio 

w 

: 

Displacement  function 

w 

t 

n  1  etc. 

XX 

A  2  ’ 

0  x 

dA 

: 

Differential  area 

The  four  terms  of  the  energy  expression  (B-4)  may  be  defined  by 
analogy  with  the  elementary  beam  as  X  bending  stiffness,  Y  bending  stiff¬ 
ness,  bending  Coupling,  and  torsional  stiffness,  respectively.  If  the 
x  axis  is  along  the  chord  and  the  y  axis  along  the  span,  scalars  may  be 
applied  to  the  first  and  second  terms  to  approximate  the  effects  of  vary¬ 
ing  the  amounts  of  chordwise  and  speuiwise  bending  material  on  elastic 
response.  Similarly,  wing  cutout  effects  can  be  approximated.  Normally, 
where  cutouts  are  made,  additional  bending  material  is  placed  in  the  spars 
and  ribs  to  replace  the  lost  normal  stress  carrying  capability  of  the  skin. 
IRie  loss  of  shear  carrying  capability  can  be  approximated  by  multiplying  the 
torsional  stiffness  matrix  by  one-half  before  combining  it  with  the  bending 
terms  since  a  shear  flow  analysis  would  attribute  half  of  the  rigidity  to 
the  span  and  half  to  the  skin  panels. 
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,  In  deriving  the  plate  stiffness  matrix,  the  bending  curvatures  are 
obtained  by  assuming  the  displacement  along  the  edges  of  the  panel  as 
third  order  polynomials.  The  bending  coupling  is  obtained  by  integrat¬ 
ing  the  products  of  these  cubies  over  a  quadrant  of  the  plate  and  the 
torsion  term  is  based  on  simple  torsion  of  the  rectangular  cell.  Thus 
writing  the  displacement  along  line  1-2,  FIG.  B-2t 


w  -  AjX^  +  +  A^x  +  A^  (B-5) 

w^  -  0  -  5AjX^  +  2A2X  +  Aj^  (B-6) 

^xx-  2(3A3X  +  Ag)  (B-7) 


The  four  constants  of  the  displacement  expression  A^  are  evaluated 

by  requiring  that  this  function  give  the  displacements  and  slopes  of  the 
nodes  1  and  2  at  x  «  0  and  x  •  s»  Then  in  matrix  form,  the  expression 
for  the  currature  beeomesi 
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XX 


is  obtained  \j  multiplying  this  expression  by  its  transpose.  The 


total  strain  energy  contributed  by  v_  is  found  by  integrating  the  result 

XX  2 

over  X  between  0  and  a  and  multiplying  by  b/2,  assuming  the  w^  term 
varies  linearly  with  y.  Then  using  Castigliano's  first  theonm  gives t 
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Since  a  siailar  matrix  to  B-9  can  be  written  in  texns  of  the  angular  rotations 
and  rertioal  displacements  of  nodes  3  and  4,  one  can  gett 
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If  oubice  of  the  same  form  as  used  to  express  vyj  are  selected  in  the  Y 
direction  as  well,  Y  bending  atiffhess  matrix  can  be  written  immediately 
from  symmetry  of  the  previous  matrixt 
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(B-11) 


To  Obtain  the  bending  coupling  energy  the  transpose  of  w  is 
multiplied  by  w  ,  integrated,  and  differentiated  as  before*  product 
can  be  taken  at'^^oh  node,  integration  perfomed  over  a  quadrant  of  the 
platei'  and  the  sum  of  the  four  products  used  to  represent  the  coupling  energy, 
using  this  method  the  final  expression'  for  bending  coupling  stiffness  is  in 
matrix  fozmt 
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Considering  the  siaple  torsion  of  cell  a-b,  the  currature  can  be 
defined  ast 


(B-13) 


Perfoming  prenultiplication,  integration  over  ab,  and  differentiation 
the  stiffness  foxn  can  be  found: 
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(B-14) 


Sunning  all  the  relations  (Eqns.  B-11  through  B-14),  one  finds  the 
stiffness  natriz  for  a  thin  rectangular  plate  as  given  in  Eqn. (B-1^) •  With 
the  change  of  displaoenent  coordinates  and  nonent  noxnalizing,  the  elenents 
of  the  natriz  becoae  nondinensionnl  quantities*  One  nay  also  observe  that 
a  ^ven  oolxmn  of  the  natriz  defines  a  set  of  forces  which  satisfy  the 
three  equilibriun  equations* 

This  stiffness  natriz  is  closely  related  to  the  evaluation  of  stiffness 
by  Levy's  torque  tube  and  bean  analogy.  Here,  however,  the  Poisson  ratio 
coupling  has  been  retained  and  a  single  natriz  includes  both  bending  and 
torsion. 
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If  a  complex  structure  may  be  thought  of  as  a  collection  of  plates 
this  approach  may  be  used.  With  the  help  of  a  high  speed  computer  the 
stiffness  matl>lz  of  the  complete  structure  may  be  assembled.  In  addition, 
beams  In  bending  running  in  any  direction  along  the  node  lines  may  be 
added.  The  program  used  to  determine  the  mode  shapes  of  this  type  of 
structure  is  described  in  Appendix  Q. 

Table  B-4  shows  the  glider  mass  distribution.  The  fuselage  stiff¬ 
ness  is  approximated  by  using  a  plate  and  a  beam  as  shown  in  Fig. 

Because  of  machine  limitations  only  the  deflections,  w,  are  used  so  the 
appropriate  terms  (9  and  ^  terms)  in  the  stiffness  matrix  are  stt  to  zero. 

Fig.  B-6  shows  the  first  three  mode  shapes  determined. 

4.  COUPLING 


Coupling  is  a  typical  eigenvalue  problem  which  for  our  case  is 
followed  by  orthogonalizing  the  resulting  eigenvectors.  The  uncoupled 
mode  shapes  are  related  to  the  coupled  mode  shapes  by  the  modal  matrix 
of  the  orthogonalized  coupled  system. 

Shown  in  Figs.  B-7,  B-8,  and  B-9  are  typical  coupled  mode  shapes. 
5.  MODE  SHAPES  USED 


Presented  in  Tables  B-^  through  B-12  are  the  modal  values  that  are 
used  in  this  study. 

The  difference  between  beam  modes  and  coupled  modes  Is  that  the  beam 
nodes  are  determined  by  representing  the  vehicle  as  an  elastic  ..ine  while 
the  coupled  nodes  are  determined  by  coupling  the  beam  modes  with  the  glider 
plate  modes. 

Since  only  the  deflections  have  been  calculated  in  the  coupling  pro¬ 
gram,  the  slopes  have  been  determined  by  the  method  which  is  Illustrated 
below.  In  addition,  for  nodal  values  other  than  start  burn,  1/4  burnout, 
1/2  burnout,  3/4  burnout,  and  burnout  for  both  stages,  a  linear  interpre¬ 
tation  Is  used. 

For  the  release  problem  as  well  as  the  separation  problem  the  coupled 
modes  are  used,  but  only  the  nodal  values  along  the  centerline  are  used. 
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T^BI£  6-2 


SECOND-STAaE  BOOST 


Statioxr  EI,10^°  K«OA 
Number  In-lbs  lO^Ibs 


117 

159 

201 

2U3 

285 

327 

36.9 

Un 

U55 

505 

560 

6iU 

669 

723 

777 

831 

872 

899 

923 

9lt7 

97U 


.25 

.65 

1.2 

7.5 

11.1 

12.1 

12.9 

13.7 

11.3 

19.2 

ia.5 

56.5 

6U 

6U 

6U 

6h 

6U 

6U 

6U 

6h 

61 

6U 


10 

21 

32 

55 

67.5 

72.5 

77.5 
82 
50 
50 
87 
86 
81 
8h 
8U 
81 
8U 
81* 

8U 

8U 

81* 

81* 


23  MASS  POINTS 


Launch 


11*7 

1*1*0 

773 

1082 

1177 

596 

693 

1005 

121*5 

181*2 

555 


l/l*  burn  l/2  bum  3A  6um  burnout 
Weight  in  pounde 


same  as  launch 


1381* 

861 

861 

86l 

86l 

I5l8 

222 

222 

222 

222 

1517 

1136 

221 

221 

221 

l5l8 

1518 

223 

222 

222 

1517 

1517 

1517 

221 

221 

1505 

1505 

1505 

612 

220 

1501* 

1501* 

1501* 

1501* 

219 

3962 

623 

623 

623: 

231 

9710 

U21*9 

362 

362 

231 

9909 

9909 

1*996 

83 

83 

91*58 

91*58 

91*58 

5571 

no 

391*3 

391*3 

391*3 

391*3 

601* 

TABIE  B-3 
GLIDHI  ALONB 

10  MASS  POINTS 


Station 

Nuiiber 


33 

75 

117 

159 

201 

21*3 

285 

327 

369 

1*11 


El, 10^° 
In-lbs 

:25 

.65 

1.2 

7.5 

11.1 

12.1 

12.9 

13.7 

11.3 


K’QA, 
106  lbs 


10 

21 

32 

55 

67.5 

72.5 

77.5 
82 
50 


Weight 

lbs 

11*7 

1*1*0 

773 

1082 

1177 

596 

693 

1005 

121*5 

181*2 
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TAB1£  B-U 

GLIDES  WEIGHT  DISTHIBUTION 


Point 

Nmibar 

Body  Station 
HuMbor 

InohM 

Distanoa  fron 
Canttrlint 

Inohas 

Wei^iit 

Pounds 

1 

33 

0 

75.5 

2 

75 

0 

220 

5 

117 

0 

330.5 

4 

159 

0 

417.65 

5 

201 

0 

405.8 

6 

243 

0 

81.3 

7 

285 

0 

91.8 

8 

327 

0 

83.5 

9 

369 

0 

227.8 

10 

411 

0 

515.3 

11 

117 

30 

56 

12 

159 

50 

123.35 

13 

201 

30 

130.7 

14 

243 

30 

130.7 

15 

285 

30 

130.7 

16 

327 

30 

130.7 

17 

369 

30 

150.7 

18 

411 

30 

130.7 

19 

tOi 

69 

54 

20 

243 

60 

86 

21 

285 

60 

70 

22 

327 

60 

205 

25 

369 

60 

70 

24 

411 

60 

70 

25 

285 

90 

54 

26 

327 

90 

83.5 

27 

369 

90 

70 

28 

411 

90 

70 

29 

369 

97.5 

124 

30 

411 

97.5 
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COUPLED  MODES  ~  FIRST  STAGE  START  BURN 
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cps  2.60  5.72  6.03  10.48  14.04  16.13  21.02  24.80 


TJiBLB  B-8 


KOBMALIZED  BEAM  MOBBS  —  FIRST  STAGE  BOOST  AT  SEC  FROM  LAIJNCH 


Body 

Station 

4^ 

<t>2 

Inohea 

IQ^/tnoh 

10^/inch 

55 

1.0 

.241 

1.0 

.587 

75 

.898 

.240 

.767 

.554 

117 

.798 

.237 

.551 

.478 

159 

.699 

.219 

.366 

.409 

201 

.614 

,204 

.208 

.560 

243 

.527 

.204 

.064 

.326 

283 

.443 

.194 

-.065 

.283 

527 

.564 

.182 

-.174 

.231 

569 

.290 

.167 

-.260 

.170 

411 

.223 

.150 

-.517 

.099 

455 

.162 

.151 

-.344 

.040 

505 

.101 

.115 

-.555 

-.008 

587 

.012 

.098 

-.358 

-.040 

696 

-.083 

.072 

-.271 

-.077 

804 

-.145 

.041 

-.171 

-.098 

896 

-.167 

.010 

-.076 

-.101 

960 

-.164 

-.012 

-.013 

-.090 

1027 

-.151 

-.024 

.042 

-.075 

1100 

-.150 

-.055 

.089 

-.055 

1175 

-.102 

-.042 

.121 

-.027 

1259 

-.062 

-.049 

.130 

.011 

1543 

-.020 

-.054 

.102 

.057 

1418 

.023 

-.058 

.042 

.091 

1481 

.060 

—  .061 

-.023 

.107 

1541 

.098 

-.062 

-.090 

.111 

1603 

.155 

-.060 

-.158 

.105 

1656 

.167 

-.061 

CM 

CM 

• 

1 

.096 

u)  in 

2.80 

7.28 

cps 


WAH)  m  6o-$i8  i$9 


TABLE  B-9 

COUPLED  MODES  —  FIRST  STAGE  BOOST  AT  t»56  SEC  PROM  LAUNCH 


9o<iy 

Distance 

4)^ 

d). 

(P. 

station 

from 

T  1 

T1 

J2 

T2 

73 

2^3 

Inches 

Centerline 

10  /in 

10  /in 

10  /in 

35 

0 

.992 

.224 

-.214 

-.099 

.791 

.476 

75 

0 

.892 

.235 

-.174 

-.090 

.601 

.456 

117 

0 

.795 

.227 

-.158 

-.080 

.425 

.592 

159 

0 

.702 

.217 

-.107 

-.068 

.272 

.358 

201 

0 

.612 

.210 

-.081 

-.060 

.l4l 

.500 

245 

0 

.525 

.203 

-.057 

1 

• 

0 

.020 

.272 

205 

0 

.442 

.194 

-.056 

-.040 

-.080 

.254 

327 

0 

■.363 

.102 

-.016 

-.050 

-.176 

.197 

569 

0 

.289 

.167 

-.004 

-.026 

-.253 

.151 

411 

0 

.222 

.149 

.006 

-.016 

-.503 

.090 

455 

0 

.161 

.130 

.010 

-.008 

-*329 

.039 

505 

0 

.100 

.115 

.013 

-.003 

-.338 

-.006 

587 

0 

-.012 

.097 

.013 

.005 

-.329 

-.057 

696 

0 

-.083 

.072 

.007 

.005 

-.273 

-.068 

804 

0 

-.145 

.041 

.003 

.005 

-.182 

-.075 

896 

0 

-.167 

.011 

-.003 

.004 

-.091 

-.100 

960 

0 

-.166 

-.012 

-.005 

.005 

-.026 

-.093 

1027 

0 

-.152 

-.025 

-.006 

.002 

.031 

-.070 

1100 

0 

-.130 

-.0^5 

-.007 

.001 

.082 

-.059 

1175 

0 

-.103 

-.oki 

-.000 

0 

,110 

-.016 

1259 

0 

-.064 

-.049 

-.007 

-.002 

.132 

.008 

1343 

0 

-.020 

-.055 

-.005 

-.004 

.105 

.056 

1418 

0 

.023 

-.059 

-.001 

-.005 

.045 

.093 

1401 

0 

.061 

-.061 

.002 

-.005 

-.021 

.110 

1541 

0 

.098 

-.061 

.005 

-.005 

-.090 

.114 

1603 

0 

.136 

-.060 

.009 

-.005 

-.160 

.108 

1656 

0 

.160 

-.059 

.011 

-.005 

-.215 

.097 

117 

30 

.795 

.227 

-.158 

-.080 

.425 

.592 

159 

30 

.702 

.217 

-.107 

-.D6B 

.272 

.358 

201 

50 

.612 

.210 

-.081 

-.060 

.l4l 

.300 

243 

50 

•  .525 

.205 

-•057 

-•054 

.020 

.272 

285 

30 

.492 
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•ttBLE  B-10  (continued) 
DES  —  EIRST  STAGE  BOOST 
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CO  in  cps  2.78^  2.792  2.800  2,807  2.833 


TABLE  B-11 


NORMALIZED  COUPLED  MODES  -  FIRST  STAGE  BURNOUT  AND  SECOND  STAGE  START  BUI^N 


First  Stage  Burnout  Second  Stage  Start  Bum 
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Body 

4> 

Station 

Station 

Inches 

Inches 
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947 

-.011 
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.323 
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Cd  in  cps  5.72 
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COUPLED  MODES  -  GLIDER  FREE-PREE 
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PIG.  B-4  TYPICAL  BEAM  MODES  ~  FIRST  STAGE  START  BURN 


OCO  VO  CVi 


APPENDIX  C 


PLIGHT  EQUATIONS  OP  MOTION 


The  purpose  of  the  following'  is  to  discuss  some  of  the  physics  em¬ 
ployed  in  the  modeling  of  the  actual  boost-glide  system  studied  and  to 
display  the  equations  governing  the  motion  of  the  modeled  system  in  flight. 

1.  EQUATIONS  OP  MOTION  GOVERNING  A  SYSTEM  HAVING  A  MASS  EPPLUX 

a.  Application  of  Newton's  Equation 

We  define  the  system  ,8,  to  be  considered  as  all  that  within  the  closed 
envelope  E,  the  surface  of  which  is  coincident  with  the  surface  of  the 
vehicle  together  with  planes  at  the  exit  area  of  tbe  nozzles.  Since  the 
mass  in  E  is  not  conserved,  the  "principle  of  mass  center"  csuinot  be  applied 
directly  to  S.  The  first  task  taken  in  modeling  the  actual  system  is  to 
show  that  the  effect  of  the  ti^ne  rate  of  mass  efflux  from  S  can  be  replaced 
by  a  force.  In  doing  this  the  propulsion  system  (its  chemical,  hydrodynamic 
and  thermodynamic  effect)  is  replaced  by  a  mechanical  force. 

Have  a  partition  of  S  such  that  at  any  future  time  IT ,  Sj^  ('t)  re¬ 
presents  the  system  of.  particles  in  and  on  E  and  Sg  ('f  )  ■  S(o)  -  Sj^(tr). 
S^(tr)  represents  the  system  of  particles  ejected  from  S(0)  during  the 

designation  of  a  vector 

mass 

mass  within  and  on  E 
inertial  position  vector  of  mass  m 

inertial  position  vector  of  center  of  mass  within  and  on  E 
inertial  position  vector  of  centet*  of  mass  within  S 
resultant  external  force  acting  on 

resultant  external  moment  acting  on  with  respect  to  the 
mass  center  of 

angular  momentum  of  with  respect  to  mass  center  of 
mass  rate  of  efflux 

position  vector  with  respect  to  mass  center  of 
surface  of  E 


interval  . 
Let  (””)  t 

m  i 

“e  ‘ 

r  : 

«E  ^ 


W  t 

M  « 

Se  « 


^E  ‘ 
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Qhe  linear  momentum  of  S  (t)  is  given  by 


Q 

(c-1) 

9 

and  of  S(t  +  At): 

Lj(t+At)  =  y)»r(i*Ai)  + 

y  ’mF(i-t'At) 

L^CtfAt)  ^ym\(t*At)  + 
since  *' 

y  yn\iuAt) 

Si 

(C-2) 

R^^Ct->-At)  *  R^Cii-At) 

(c-3) 

Application  of  Newton's  second  law  to  S  yields 

^  (C-4) 


r  -//«  r^]  yv 

et-*o  LAtJ 


At 


At 


Observe  that  for  the  system  imder  consideration  we  assume: 


lim  y 

fr* 


m 


(c-5) 


Further,  that  unless 

“ttAt 


/•ttAt 

“'t. 


>  d 


(C-6) 


where  d  is  the  minimum  distance  of  some  particle  in  from  the  walls 
of  the  envelope,  the  system  will  be  void,  and  the  features  considered 
here  trivial}  in  short  a  "flow"  of  mass  through  the  envelope  is  pre¬ 
sumed  to  take  place. 


Define  V  such  that: 
r 


Then  (C-4)  becomes: 

ip  s  iSr 


dt 


■h  Vf  litn 

^  At-*o 


The  mass  of  S(t)  is  conserved,  hence: 


lim  ^ 

At-*-0  At 


lim 

At-»0 


At 


S  O 


At 


(C-7) 


(C-8) 


(C-9) 
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Since  )  m  -*■  )  m  as 

At  O 

then 

s 

lim 

t 

=  —  lim 

At’*0  ' 

i 

dt 

(C-10) 


Finally  then  (C-8)  can  be  written  in  the  forms 


(C-11) 


In  conclusion,  the  mass  efflux  across  the  boundary  of  an  envelope 
which  defines  a  system  acta  on  the  system  in  the  sajne  manner  as  an 
externally  applied  force  as  indicated  in  Eq,n,  C-11, 

A  similar  development  reveals  that  the  efflux  produces  a  moment  on 
the  system  within  E. 


M  X  w 


mfVr 


(C-12) 


EXAMPLE  OP  FORCES  EPPECTEL  BY  A  MASS  EFFLUX 
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b.  Nature  of  the  Force  Effected  by  a  Mass  Efflux 


Given  below  is  an  illustration,  having  direct  application  to  the 
system  considered  in  this  report,  of  the  nature  of  the  force  effected 
by  a  mass  efflux. 

Consider  a  rigid  body  idealization  of  the  system  as  pictured, Pig.  C-1. 
Assume  that  the  mass  efflux  of  the  system  occurs  at  point  P  and  is 
constrained  to  flow  along  the  axis  of  the  motor  nozzle.  The  force 
caused  by  the  efflux  is: 


^  •fhgVr  •mg 


ir. 


•/]” 


since 


=  0  (rigid  body). 


(c-13) 


The  first  and  third  terms  on  the  right  hand  side  of  Eqn.  C-1 5 
results  from  pitch  and  nozzle  rotational  velocities  respectively; 
the  second  term,  ,  is  that  part  of  f  normally  considered 

as  the  "motor  thrust"  resulting  from  a  mass  efflux  since  it  acts 
along  the  axis  of  the  motor  nozzle. 


Refinements  in  f  can  be  made  by  considering  a  flexible  vehicle 
in  vdiich  case: 


it 


where 


(c-14) 


unit  vector  along  the  body  axis 
unit  vector  transverse  to  the  body  axis 
local  derivative 

the  first  term  on  the  right-hand  side  of  (C-l4)  being  the  relative 
velocity  resulting  from  axial  motion,  and  the  second  term  being  the 
relative  velocity  resulting  from  transverse  (or  bending)  motion. 

It  seems  obvious,  then,  that  the  calculation  of  m  V  in  Eqn, C-11 
can  be  made  as  complex  and  detailed  as  one's  patience  mfght  allow. 
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MODELINQ  OF  THE  SYSTEM 


a.  Reduction  of  the  Syatem  From  a  Continutun  to  a  Discrete  Set  of  Masses 

The  distribution  of  the  masses  in  S  does  not  admit  throughout  E  of 
a  simple  continuous  analytical  function  of  the  space  coordinates,  but 
an  approximation  may  be  obtained  by  a  lumping  of  the  masses  into  discrete 
rigid  collections  at  a  set  of  points.  To  each  point  one  must  assign  six 
quantities:  namely,  a  mass,  any  two  of  the  three  principal  directions 
of  the  ellipsoid  of  inertia  and  the  three  mass  moments  of  inertia  associ¬ 
ated  with  each  of  the  axes  of  the  ellipsoid.  If  the  point  associated  with 
a  particular  lumped  collection  lies  at  the  mass  center  of  the  collection 
and  the  ellipsoid  of  inertia  of  the  actual  distributed  mass  reckoned  with 
respect  to  this  point  is  the  same  as  that  assigned  to  the  point,  then  the 
mass  center  and  ellipsoid  of  inertia  associated  with  the  system  are  the 
same  as  that  reckoned  for  the  collection  of  points  so  defined;  this  is 
an  obvious  mechanical  necessity.  The  finer  the  subdivision  of  the  mass 
distribution  of  the  system,  the  lesser  will  become  the  importance  of  the 
ellipsoid  of  inertia,  especially  for  systems  in  which  the  local  rotation¬ 
al  velocities  and  accelerations  are  small.  Such  is  the  case  for  the  sys¬ 
tem  here  considered  except  for  the  motor  nozzles  each  of  which  is  considered 
as  a  rigid  body. 

The  relations  of  force  vs.  displacement  between  the  Imped  mass 
points  should  imitate  as  nearly  as  possible  the  force-displacement  re¬ 
lations  which  exist  between  the  same  points  in  the  actual  system,  and 
under  a  specified  motion  involving  relative  displacement,  velocity  and 
acceleration  among  the  particles,  the  energy  stored  or  the  energy  dis¬ 
sipated  by  the  point  model  should  be  nearly  the  same  as  that  in  the  actual 
system  under  the  same  conditions. 

b.  Kinetic  Energy  of  the  Modeled  System 

If  the  system  considered  is  one  which  \mder  the  action  of  no  external 
forces  possesses  an  equilibrium  position,  then  a  convenient  rigid  refer¬ 
ence  frame  is  provided  from  which  the  displacements  of  the  mass  points  may 
be  measured.  To  determine  the  position  of  any  mass  point  in  the  system 
relative  to  an  inertial  reference  frame,  one  need  only  to  determine  the 
position  of  one  point  P  of  the  equilibrium  reference  frame  relative  to  the 

inertial  frame,  f,  the  equilibrium  position"?  (i)  of  a  particular  mass 

& 

point  i  relative  to  P,  and  the  displacement  u.  from  equilibrium  at  a  given 
time  tj^ . 
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The  inertial  position  vector  R.  of  any  mass  point,  i,  then  is 
given  hyj 


r^(i)  + 

and  the  kinetic  energy  of  the  system  is 

T=l/2^m  R*  (C-16) 

The  exact  form  taken  hy  R.,  Egn.  (C-15)»  is  dependent  on  the  methods 
used  to  describe  the  displaceSient  of  various  masses  from  the  equilibri\im 
position*  The  modal  approach  discussed  in  Appendix  B  and  employed  for 
the  system  considered  assinnes  that  the  mass  of  the  fuel  and  the  motor 
nozzles  are  rigidly  attached  to  the  elastic  line  of  flexure;  hence  the 
total  kinetic  energy  is  made  up  of  two  parts:  the  kinetic  energy  of 
the  masses  attached  to  the  elastic  line  plus  the  kinetic  energy  re¬ 
sulting  from  motion  relative  to  the  elastic  line  of  those  masses  which 
are  not  in  fact  rigidly  attached  to  the  elastic  line* 

c*  Modeling  of  Masses  Possessing  Freedom  to  Displace  from  the 
Elastic  Line 


The  particles  of  the  fuel  are  free  to  oscillate  about  the  elastic 
line.  For  small  translatory  and  rotary  disturbances,  the  sloshing 
motion  of  the  fuel  can  be  replaced  (using  a  rigorous  analysis)  by  a 
mass  fixed  on  the  tank  axis  (coincident  with  elastic  line)  and  a  set 
of  pendulae  or  spring  supported  masses  at  specified  distances  from 
the  mass  center  of  fluid  in  the  tank  (measured  along  the  tank  axis)* 

The  motor  nozzles  are  free  to  rotate  about  a  point  (nozzle  hinge 
point)  fixed  'to  the  elastic  line,  but  no  special  modeling  is  necessary, 

d*  Potential  Energy  of  the  Modeled  System 

The  potential  energy  of  the  system  obtains  from  two  sources:  (l) 
the  elastic  potential  of  flexure  and  (2)  the  potential  of  the  displaced 
fluid  in  an  acceleration  field.  If  the  fuel  is  modeled  by  a  set  of 
pendulae,  the  potential  energy  is  given  in  terms  of  the  relative  an¬ 
gular  displacement  from  the  axis,  the  axial  acceleration  field  and  the 
pendulum  mass;  see  part  4  of  this  Appendix*  The  orthogonalization 
of  the  flexural  modes  reduces  the  description  of  the  flexural  behavior 
of  the  syatemto  a  set  of  simple  mass-spring  systems,  the  spring  con¬ 
stant  in  each  member  of  the  set  being  well  defined.  An  analogous  set 
of  masses  and  springs  can  be  obtained  which  represent  the  modes  of 
the  fuel  slosh  under  an  axial  acceleration  field*  The  familiar  form 

V  -  1/2  <1^  (°-17) 

takes  account  of  the  potential  energy  of  the  system* 
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e.  Energy  Disaipation  in  the  Modeled  System 


A  problem  which  has  plagued  many  dynamic  investigations  is;  "What 
sort  of  analytical  representation  will  adequately  describe  the  internal 
dissipation  of  energy  of  a  given  system?"  For  a  simple  mass-spring 
system  the  Rayleigh  dissipation  f\mction,5f,  as  expressed  as  a  fraction 
of  the  critical  damping,  ^  ,  each  characteristic  frequency,  co,  general¬ 
ized  mass,  M,  and  velocity,  q,  offers  a  relatively  simple  method  of 
accoimting  for  structural  damping  by  means  of  an  equivalent  viscous 
damping} 


(G-18) 

f.  External  Forces  Acting  on  the  System 

Having  defined  the  modeled  system,  S,  the  effect  of  the  environment 
on  it  is  discussed;  this  effect  can  be  completely  described  by  identifying 
and  describing  the  nature  of  the  body  and  surface  forces  acting  on  S# 

The  gravitational  field  produces  the  only  body  force  acting  on  the 
system;  no  substantial  variations  in  the  gravitatic  nal  field  river  the 
extension  of  the  system  are  assiuned  at  any  point  on  the  trajectory. 

The  surface  forces  acting  on  the  system  result  from  (l)  hydro¬ 
static  atmospheric  pressure  (2)  aerodynamic  forces  resulting  from 
motion  relative  to  the  air  (3)  pressure  at  the  exit  area  of  the  motor 
nozzles. 

It  is  interesting  to  note  that  the  term  "thrust"  as  u:  ed  in  practice 
is  not  given  solely  by  the  term  m  ir/st  in  Sqn.  (C-I5)  but  is  augmented 
by  the  surface  forces  (l)  and  O)  aescribed  above.  The  term' "thrust"  is 
generally  defined  for  each  engine  by: 

T  -  m  ^  +  (p,  -  P,)4  (c-19) 

where  ;  exit  nozzle  pressure 

;  atmospheric  pressure 

A  t  vector  having  the  magnitude  of  the  exit  area 

and  the  direction  of  the  inward  normal  to  this  area. 

Detailed  discussion  of  aerodynsunic  theories  applicable  in  each 
instance  of  relative  motion  between  the  system  and  the  air  are  dis¬ 
cussed  in  the  separate  sections  or  problem  areas. 
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g.  Work  Done  on  the  System  by  the  Control  Mechanism 


Within  the  vehicle  there  is  provided  a  mechanism  to  produce  a 
change  in  relative  angular  position  of  the  motor  nozzles  from  the 
tangent  to  the  elastic  axis  at  the  hinge  point  of  the  motor  nozzles. 

The  control  moment  M  is  governed  by  attitude  sensed  P_,  attitude  rate 

.  c  B 

sensed  0^,  programmed  pitch  attitude,  0^,  time  lags,  T^,  resulting 

from  the  hydraulic  actuating  mechanism,  electronic  shaping  networks, 
and  springs  ,k,  representing  the  elastic  stiffness  of  the  control  mech¬ 
anism;  the  relation 

"e  '  K’  «!•  ’’i- 

is  called  the  control  law  and  is  specified  in  each  problem  area. 

The  work  done  by  M  arises  from  a  chan,^  in  the  chemical  and 
c 

electrical  potential  of  the  system.  Since  only  mechanical  potential 
is  given  explicit  treatment  herein,  mechanical  effects  resulting  from 
nonmechanical  causes  must  be  treated  separately,  such  is  the  case  here. 


5.  EQUATIONS  OF  MOTION 
a.  Derivation 
The  Lagrangian  form 


dt 


u 

97c 


(C-21) 


is  applicable  to  the  system  described  herein,  and  is  subject  to  the 
following  definitions. 

b.  Kinetic  Energy.  T. 

T  -  1/2  m^  (r  +  +  u)^ 

+  1/2  (m^)  [  8^^  +  2(r  +  +  u)  .  Sp  ] 

+ 1/2  ^  ^  "/k  ( ’Ik  *  ^  •  ‘fk  ] 


The  kinetic  energy  of  local  rotary  motion  of  the  masses  m.  has 
been  neglected. 
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c.  Potential  Energy,  V 


The  first  term  represents  the  potential  energy  of  the  elastic 
structure  and  the  second  term,  the  potential  energy  of  the  sloshing 
fluid  (see  part  4  of  this  Appendix). 

d.  Dissipation  Function. 


(C-23) 


(C-24) 


The  fuel  is  assumed  to  be  ideal  and  hence  dissipates  no  energy; 
only  the  structure  dissipates  energy. 

e.  Generalized  Force. 

The  term  given  by 

’ 

can  be  decomposed  in  terms  depending  on  the  origin  of  the  force, 

P  ,  as  follows: 


(C-25) 


Gravitational  Forces 


(5)  -  ^  m.^g  .  (r  +  r^  +  u) 


(C-26) 


02)  Forces  effected  by  thrust: 

^a  ^  ^T^ 

e,)  Aerodynamic  forces;  Q(A),  which  are  discussed  in  each  problem 
^  area. 

e^^)  Control  force:  Qjj(S)  is  the  generalized  force  resulting  from 
the  control  momrot  and  is  discussed  in  the  separate  problem 
areas.  Note  that  ^(c)  is  nonzero  only  forX  =  • 

The  following  list,  together  with  Pig.  C-2,  displays  the  defini¬ 
tion  of  the  terms  appearing  in  equations. 
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i 


m. 

1 

m 

0 

% 


r 


r 

a 


u. 

1 


q 


z 


^  * 

s  : 
o 

T  * 

*1  * 
Xg  j 

Xf  z  : 

l',3'  ‘ 

qg  * 


0 


1 


: 


‘'o 


j 


mass  station  point  located 

lumped  mass  at  station  i;  numerical  value  given  in  Appendix  B, 

mass  of  both  motor  nozzles 

k^  slosh  mass  in  the;^^  tank 

mass  moment  of  inertia  of  both  motor  nozzles 

generic  notation  for  the  generalized  coordinates 

inertial  position  vector  of  the  equilibrium  mass  center  of 
the  system 

axial  position  vector  with  respect  to  equilibrium  mass  center 

displacement  vector  of  m^^  transverse  to  the  equilibrium  axis 

transverse  component  of  velocity  of  equilibrium  mass  center 
with  respect  to  body  fixed  axes 

longitudinal  component  of  velocity  of  equilibrium  mass  center 
with  respect  to  body  fixed  axes 

displacement  vector  (measured  from  the  corresponding  point  on 
the  elastic  axis)  of  the  mass  center  of  the  motor  nozzles 

displacement  vector  (measured  perpendicular  to  the  elastic 
axis)  of  the  mass,  m^j^ 

attitude 

Cartesian  component  of  r  in  the  x^  direction 
Cartesian  component  of  r  in  the  x^  direction 
body  fixed  coordinates 

unit  vectors  associated  with  body  fixed  coordinates 

perturbed  angular  displacement  measured  with  respect  to  the 
programmed  pitch  attitude 

programmed  pitch  attitude 

generalized  coordinate  corresponding  to  the  flexural  mode 
of  the  structure 
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5 

e 


oO. 


T 

1 

X 


M 


d 


kS  slosh  coordinate  in  the  j2  ^  tank 
modal  value  associated  with  q. 


B(J) 


1 


‘ 

:  gravitational  field 

1  carried  acceleration  field  (see  part  k  of  this  Appendix) 

:  body  fixed  axial  coordinate  of  the  attitude  sensor 
;  body  fixed  axial  coordinate  of  the  rate  sensor 
t  characteristic  frequency  associated  with  the  orthogonal  mode  q^ 

:  generic  notation  for  forces  acting  on  the  system 
:  position  vector  from  hinge  point  to  centroid  of  nozzle  exit  area 
I  position  vector  of  the  point  of  attack  of  fg 
t  summation  over  s 

t  summation  of  the  terms  in  the  summand  over  the  entire  vehicle 
t  fraction  of  critical  damping  in  the  flexural  mode 
t  flight  path  angle 

t  body  fixed  axial  coordinate  associated  with  the  hinge  point  of 
the  motor  nozzles 

2 

:  t  generalized  mass  in  the,  flexural  mode 


Xg.  t  body  fixed  axial  coordinate  associated  with  the  hinge  point  of 
^  the  k%  slosh  mass  in  the  JL-  tank 

-X,  t  distance  from  nozzle  hinge  point  to  mass  center  of  nozzle 

i  disteince  from  nozzle  hinge  point  to  centroid  of  nozzle  exit  area 

The  evaluation  of  j,  and  X  is  to  be  made  at  that  point  on  the  axis 

corresponding  to  mass  with  the  term  is  associated,  unless  otherwise 

si>eoified. 
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f .  Linearization  of  the  Equations  of  Motion 


A  priori,  no  general  theory  of  linearization  of  the  equations  of 

motion  exists.  For  a  holonomic  system  in  which  the  kinetic  energy  is 

» 

composed  of  teiins  of  the  form  r 
yields: 


^  .  r^  ,  the  operator  ^  = 


Br^ 


+ 


+ 


•• 


(C-28)* 


Linearization  as  employed  in  tiis  study  implies:  (l)  the  deletion 
of  the  terms  involving  ;  and  (?)  deletion  of  terms  wherein  the 

coefficient  of  contains  the  generalized  coordinates  (or  products 

thereof)  which  are  of  small  order;  (5)  the  approximation  sin  *1^  , 

cos  1  ,  for  V*  small. 


One  observes  that  if  r  is  a  linear  combination  of  the  generalized 


coordinates  then 


Blr_ 


and  i  *  ,  ,  etc,  represent  the  cosine  between  the  i^  and 


coordinate  which,  if  the  argument  is  small,  can  be  approximated  by  1 
and  if  the  argument  is  large  represent  nonlinear  terms  in  the  eqiiations 
of  motion,  as  reflected  by  a  term  of  comparatively  small  order  in  the 

kinetic  cnctigy  since , 


(C-20) 


Hence  in  certain  special  cases  the  justification  for  linearization 
nil^t  be  easily  carried  over  from  a  justification  of  the  neglect  of 
certain  terms  in  the  kinetic  energy. 


*  Summation  on  the  repeated  Indices  is  understood  in  this  notation. 
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One  sees  also,  that  nonlinearities  are  not  inherent  in  the  kine¬ 
matics  of  the  system  studied  here;  further,  that  the  nonlinearities 
which  do  arise,  come  from  the  generalized  forces  or  the  employment  of 
special  coordinate  systems.  Ve  see  this  more  clearly  in  the  following 
paragraphs  where  body  fixed  coordinates  are  introduced. 


g.  Equations  Referred  to  Body  Fixed  Axes 


The  equations  of  motion  as  determined  by  direct  substitution  of 
Eqns.  C-22,  C-23,  C-24  and  C-25  into  C-21  yield  a  set  of  equations  in 
which  the  trajectory  is  imbedded.  Inasmuch  as  a  nominal  trajectory  is 
presumed  known,  these  equations  goveming  the  rigid  body  motions  can  be 
modified  so  as  to  produce  equations  governing  the  perturbed  motion  re¬ 
sulting  from  forces  tending  to  deviate  the  rshicle  from  its  nominal 
trajectory.  To  do  this  we  define  the  velocity  of  the  mass  center  with 
respect  to  "airplane  axes"  (body  fixed  axes),  z  sund  x  as  shorn  in  Fig. 
C-2.  The  only  term  affected  by  this  mode  of  description  is  r  in  Eqn. 
(C-22); 


r 


(c-30) 


where  1’  and  j'  are  base  vectors  in  the  body  fixed  axes  system.  The 
equations  of  motion  so  obtained  are  given  at  the  end  of  this  Appendix, 


h.  Transformation  to  Obtain  Perturbation  Equations  of  Motion 

Under  no  perturbing  forces  the  only  force  which  acts  normal  to 
the  Tthldle  trajectoiy  is  that  of  gravity.  The  normal  acceleration  of 
the  mass  center  is  related  to  the  force  in  the  normal  direction  by 
Newton'S  laws 


mg  cos^  -  m  fivl  (C-31) 

where 

1 I  -  V[  ^  cosiy-Tf)  j  ^  sin  (y-  y)  J  ^  ^  q^ 

Application  of  the  condition  expressed  in  Eqn.  (C43l),  that  is 
the  "zero  gravity  turn  condition",  to  the  terms  in  Eqns.  C-35*  C-39> 

C-40  which  involve  the  transverse  acceleration  and  gravity  is  shown 
below: 

%  “  *^z  ^x^e  "  ®  ®1  (C-32) 


18 1 
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q,  ♦  #1  - 


COS  q  QL  \ 

•  (c-33) 

sin  Qg  ^5:^ 

q.  «  ^ 

Finally,  we  replace  sin  by 

sin  Oj^  cos  q^  +  sin  q^  cos  sin  0^^  +  cos  q^  (C-54) 

and  neglect  terms  involving  the  products  of  perturbed  quantities. 

Having  a  nominal  trajectory  specified,  the  values  of  4^^  and  0^ 

at  any  time  are  predetermined;  hence  the  resulting  left  hand  side  of 
the  eqiiations  become  linear  functions  of  perturbed  coordinates. 
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-  (n-i,[v  (!/,-»,)  -£<>jii  *  *-^<t>s(^r^ii)]* 


4,  FUEL  SLOSH  ANALOGY  FOR  TRANSVERSE  DISTURBANCES  ONLY  * 

We  temporarily  omit  the  subscript  i*  indicating  the  tank  under  consider¬ 
ation  with  the  understanding  that  the  values  are  obtained  by  using  the  physical 
constants  that  pertain  to  the/^  tank. 

In  FIG.  C-3  is  shown  the  actual  tank,  the  equivalent  circular  cylindrical 
tank,  the  two  common  mechanical  analogies  and  the  geometrical  relations 
involved  in  the  analogies.  The  equivalent  tank  is  of  the  same  radius  and 
contains  the  same  volume  of  fluid. 


ACTUAL  TANK 


EQUIVALENT  SPRING  MASS 

CIR.  CYL.  TANK  ANALOGY 


PENDULUM 

ANALOGY 


FIG.  C-3 


♦  More  complete  analyses  can  be  had  in  which  translatory  and  rotary 
disturbances  are  considered;  see  references  on  fuel  slosh. 
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■Let  f  I  density  of  flviid 


SPRING  MASS  ANALOGY 


“o  -  -E^) 


-  M  A. 


Z.  - 


4c 

~ 

_  2 


Z  - 


k,  - 


(e^  -‘‘“Eb,) 


1/2  m. 


PENDULUM  ANALOGY 


«o  ■  "  (1-  L*i) 


-  M  A. 

X 


Zj  ■ 


4c  D^ 
~ 

_  2 


<ii-^EV 
-  Lh> 
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where 


e  {2c)itT^ 

2  tanh  K. 

K. 

— T  ainh  K.  -  cosh  K.  +  2 
2 _  1 _ 1 _ 

Ki^  cosh  K. 

^  (2-=) 

o 


)  ■  0  where  is  the  derivative  of  the 
'  o 

Bessel  function  of  the  zero  order 


*^cTc  h 


axial  acceleration 
A  -  S  -  q  y  +  y  siny 

V  JL  Z 

4,  FUEL  SLOSH  ANALOGIES 

Many  studies  have  been  made  of  fuel  slosh  following  the  ass\Mption 
of  small  displacement  made  by  Lamb  (24).  For  ri^t  circulco*  cylinders 
and,  conical  and  spherical  shells  the  solutions  are  well  kn.own.  For  con¬ 
tainers  having  a  geometry  less  simple  than  these,  and  in  which  the  equi¬ 
librium  fluid  surfewe  is  not  oriented  with  respect  to  the  container  in  an 
appropriate  manner,  the  solutions  are  not  known.  No  solutions  are  known 
for  even  the  simplest  geometry  if  the  slosh  amplitude  is  large* 

The  propellents  generally  considered  for  advanced  vehicles  act  as 
ideal  liquids  and  in  this  respect  the  classic  ideal  fluid  assumption  is 
well  satisfied.  The  propellants,  however,  are  of tan . cryogenic  materials 
which  tend  to  "boil**  at  the  uninsulated  vehicle  walls. 

Interesting  and  difficult  problems  are  introduced  if  one  wishes  to 
consider  the  theznodynamic  aspsdts  of  fuel  slosh)  research  in  this  area 
seems  warranted. 
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APPENDIX  D 


METHOD  OP  CHOOSING  CONTROL  GAIN  SETTINGS  TO  PROVIDE  A  DESIRED 
PITCH  FREQUENCY  AND  DAMPING  INCLUDING  THE  EFFECTS  OP  FLEXIBILITY 


It  was  neoessary  specify  a  pitch  control  system  and  select  gain 
settings  before  flight  loads  could  be  analyzed^  since  the  yehicle  is  statically 
unstable  without  controls.  The  type  of  control  system  postulated  here  is  only 
one  of  several  possibilities  and  is  not  necessarily  the  best  design  for  a 
vehicle  of  this  type*  The  emphasis  in  this  study  is  on  the  dynamic  response 
of  the  vehicle  as  a  vdiole  and  not  on  the  control  system  itself.  No  claim  is 
made  that  the  criterion  used  for  choosing  gain  settings  is  the  best  one  for 
design  purposes. 

Control  gain  settings  which  provide  approximately  the  desired  pitch 
frequ«i<7  and  damping  could  be  detemined  by  trial  and  error  on  the  analog 
computer,  but  this  would  be  time  consuming  and  rather  inaccurate.  On  the 
digital  computer  the  trial  and  error  method  would  be  prohibitively  expensive. 
Therefore,  a  method  of  calculating  the  proper  gain  settings  frcxn  the 
equations  of  notion  has  been  developed. 

In  order  to  be  able  to  exjsmine  the  pitch  degree  of  freedom  separately, 
the  equations  of  notion  used  iji  the  boost  flight  loads  analysis  (Eqn.  IV-8) 
have  been  transformed  referring  notions  to  so-called  wind  tunnel  axes  instead 
of  body  axes.  The  homogeneous  equations  with  no  wind  or  gust  forcing  function 
have  been  considered.  The  transformation  to  wind  tunnel  axes  is  nade  as 
follows  t 

Let  ^ 

The  rigid  body  angle  of  attack,  assueing  no  wind  and  small  angle  of  attack 

is  * 

^  (D-3) 

Solving  Bqn.  (D-1)  for  this  quantity  yields 

is  «  ^ 

-  y  -  qg  -  y 


(D-4) 


The  true  aooeleration  normal  to  the  body  axes  with  respect  to  fixed 

space  is 


‘z  - 


(D-5) 
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Fron 


Note  that  for  no  wind  and  small  angle  of  attack  4t  *  V, 
Eqn.  (D-2)  * 


(D-6) 


If  a  constant  forward^  speed  is  asstmed,  as  in  the  final  gliding  approach 
during  re-entry,  the  Vq^  tern  vanishes  and  is  the  true  acceleration 

with  respect  to  fixed  space*  During  boost  the  Yq^  term  remains  since  V 
is  not  zero.  However,  if  the  coefficients  of  the^equations  of  motion  are 
assumed  constant,  as  in  the  analog  solutions,  a  rather  artificial  situation 
exists.  In  this  case,  in  order  to  get  the  same  solutions  of  the  equations 
of  motion  using  wind  tunnel  coordinates  as  are  obtained  using  coordinates 
referred  to  body  axes,  the  assumption  that  V  >■  0  must  be  made  in  transforming 
to  wind  tunnel  axes.  Considerations  such  ais  these  make  it  inadvisable  to 
use  wind  tunnel  axes  in  the  derivation  of  equations  of  motion  for  vehicles 
in  accelerated  flight.  However,  as  mentioned  above,  the  transformation  to 
wind  tunnel  axes  pezmits  the  examination  of  the  pitch  mode  separately. 


The  transformation  to  wind  tunnel  axes  is  effected  by  making  the 
substitutions  indicated  in  Bqns.  (l-4and  D-6).  After  the  transformation, 
the  equations  of  motion  appear  in  matrix  form  as  follows: 


■  m 

- 

r  ^ 

M 

0 

I 

0 

4®  I 

* 

4. 

.  2 

< 

*1 

^1 

•A 

4l 

*2 

CM 

10* 

2  2 

42 

m  <« 

L  y 

^1 

CM 

•>13 

V 

^21 

^22 

•>23 

^24 

"31 

•-32 

^3 

^34 

^l 

\2 

'’‘>3 

A 


^2j 


V  + 


0  c 


12 


0  c, 


0  c 


0  c, 


'15  ®14  ®15 


22 


®3 

®23  ®24  ®25 

®35  ®34  ®35 
42  ®45  ®44  ®45 


32 


(D-7) 


where  M 


total  mass  of  the  vehicle 


"i>  "2 


b.  . 


'ij 


:  pitching  moment  of  inertia 

i  generalized  masses  of  the  first  and  second  flexible  modes 

:  natural  frequencies  of  the  first  and  second  flexible  modes 

:  4 .  coefficient  matrix 

J 

:  q .  coefficient  matrix 
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The  sloshing  and  nozzle  swiveling  degrees  of  freedom  are  not  shown 
in  Bqn.  (D-7)»  since  they  are  not  needed  in  the  development  of  the  formulas 
for  the  oalculation  of  gain  settings. 


The  following  control  system  representations  are  considered: 


1) 

* 

Kg  Qg  +  q^ 

(D-8) 

2) 

- 

(D-9) 

where 

®s  " 

(D-10) 

• 

0  > 
a 

(D-11) 

and 


5) 


<1^(3) 


s 


(1+T^S)(1+T2S)(1 


(D-12) 


In  the  third  representation  above»  one,  two,  or  all  three  lags  are  considered. 

For  the  rigid  vehicle  with  the  control  syston  of  Bqn.  (D-8),  the 
required  gains  are  calculated  by  considering  the  pitch  degree  of  freedom 
only. 


(D-15) 


Substituting  Bqn.  (D-8)  into  Bqn.  (D-15)  and  dividing  through  by  I  yields: 


^22  ^  °25  ^6  •  ®22  ^  °25  ^0 

- 1  - *^0  - 1  - 


(D-14) 


Equation  (D-14)  is  also  written  as: 


•• 


2;rg 


where 


desired  pitch  frequency 
desired  pitch  damping  ratio 


(D-15) 
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Equating  coefficients  and  solving  for  and  yields 


K 


0 


°25 


-  2  I 


'25 


(D-16) 


(D-17) 


Although  gains  computed  by  Bqns,  (D-16  and  D-l?)  are  based  on  a 
single  degree  of  freedom,  solution  for  the  roots  of  the  characteristic  equation 
of  the,  two  degree  of  freedom  system  which  include  the  translation  mode  show 
that  the  frequency  and  damping  ratio  are  not  significantly  changed  by  the 
inclusion  of  the  translation  freedom.  In  other  words  the  gains  calculated  by 
Eqns.  (D-16  amd  D-l?)  provide  the  desired  short  period  response  for  the  rigid 
vehicle.  However,  as  indicated  in  Section  IV-C-1,  the  gains  calculated  by 
Bqns.  (D-16  and  D-l?)  do  not  prove  at  all  satisfactory  when  flexible  modes 
and  control  system  refinements  are  added.  As  a  matter  of  fact,  in  many  cases 
these  gains  do  not  even  provide  stability.  In  the  first  analog  studies  the 
gains  were  adjusted  by  trial  and  error  on  the  amalog  until  a  satisfactory 
response  was  obtained,  and  then  loads  were  recorded  uair>  these  gains.  The 
flexible  mode  response  was  primarily  a  static  deflection  under  load  at  the 
pitch  frequency  containing  very  small  components  at  the  frequencies  of  the 
flexible  modes.  This  suggested  the  method  of  accounting  for  the  effects  of 
flexibility  in  the  original  selection  of  gains  which  will  now  be  discussed. 

Consider  the  system  represented  by  translation,  pitch,  two  flexible 
modes,  and  a  simple  nonlagged  control  system  as  defined  by  Eqn*  (D-6).  First, 
the  assumption  is  made  that  the  flexible  modes  deflect  statically,  thus 
dropping  out  all  the  time  derivatives  of  the  generalized  coordinates  for  the 
flexible  modes.  Next,  q^  is  replaced  in  the  equations  of  motion  by  the 
expression  given  in  Eqn.  (D-6).  The  equations  for  pitch  and  the  flexible 
modes  now  appear  as 

”  (^22  ®25  ^6^  ^0  ^®22  ®25^0^  '''  °23'^1  ®24*^2  (D-18) 

■f^l\  *  (^52  ^  ^°32  ^  ^  °53‘^1  ^  °3^‘^2 

-  (^2  ^  ^  ^%2  ^  *  %3h  *  °44‘l2 


Terms  involving  q.  are  omitted  since  they  do  not  enter  into  the  calculation 
of  gain  settings. 

Eqns.  (D-19  and  D-20)  are  then  solved  simultaneously  for  q^  and 
The  solutions  have  the  following  formi 


WADD  TR  60-518 


191 


(D-21) 


-  (A  +  B  K^)  4^  +  (C  +  D  K^) 
qg  -  (E  +  P  K^)  q^  +  (G  +  H  K^)  q^  (D-22) 


The  expressions  for  q,  and  q.  given  in  Bqns.  (D-21  and  D-22)  are  then 
substituted  into  Eqn.  (B-16). 


+  ^(c22^°23  °  °24®^  ^°25'^°23®  °24^^  ^©]  ‘^© 


(D-23) 


Using  the  approach  described  earlier  for  the  rigid  case  (see  Bqns.  (B-13 
through  D-17),  expressions  for  and  may  now  be  written. 


■^a  ^  -  ^°22  ^  °2^  °  *  °24  °) 
“25  °25  “  ♦  °24  " 


(D-24) 


-2  I  -  (^22  °23  *  °24 


C  O 

°25  *  '23  ®  ^  °a4  ^ 


(0-25) 


In  these  expressions  A,  B,  C,  D,  E,  P,  G»  and  H  eire  algebraic  functions 
of  the  coefficients  of  the  equations  of  motion. 

_  _  ^32  ^"2*^2  ~  %2  °34 _ 

(®33  ’  ^“2^2^  -  ^44)  ^  ®43  °34 

B  -  D 

2 

Q  ^  ^  *^32  ^*2^2  ~  °¥t)  *  %2  ^34 _ 

(035  -  )  (*2 **^2  ”  ®44^  *  ®43  ®34 

J,  .  ®3S  ^*2^2^  -  ®44)  ^  ®45  ®34 _ 

(C33  .  (m^cj/  -  c^)  +  c^3  Cj^ 

B  _  _  ^^2  ~  ®43  ^ 

■2^2  ’  °44 


(D-26) 

(D-27) 

(D-28) 

(D-29) 

(D-50) 
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(D-51) 


P  =  H 


°42  -  ° 

“2^2  ■  °44 


H 


^5  -%3  ° 
-  <=44 


(D-52) 


(B-33) 


Although  two  flexible  modes  are  used  in  the  above  example,  the  same 
method  may  be  used  to  predict  gains  for  systans  having  more  or  less  than 
two  flexible  modes.  However,  if  more  than  two  flexible  modes  are  considered, 
the  simultaneous  solution  of  the  quasi-static  equations  for  q^,  q,,  etc., 
may  become  unduly  complicated.  The  effect  of  the  higher  modes  ^ 

on  gains  required  will  probably  be  small.  In  the  case  analyzed  even  the 
second  mode  has  very  little  effect  on  the  predicted  gains,  although  the 
effect  of  the  first  mode  is  large.  If  only  one  mode  is  considered  the 
expressions  for  calculating  and  become  quite  simple. 


K. 


0 


°52  °23 

^  °22  ~ 


^25 


“1^1  -  °33 


2cO„  I  +  b„«  +  m,cO  ^ 


^32  °25 


-  c. 


0  0  "  "  “22  "  “11  "55 

25  s  2 


(D-3^) 


(D-35) 


Gain  settings  calculated  using  Bqns.  (D-24) and(D-25)  or  Bqns.  (D-34-) 
and(D-35)  apply  only  for  the  simplest  control  system  representation 
described  by  Bqn.  (D-S).  If  the  sensors  sense  bending  as  well  as  rigid 
pitch  (as  they  must  in  amy  real  system),  the  effective  gains  of  the  control 
system  eure  different  from  the  gain  settings,  since  the  sensor  outputs  which 
are  amplified  contain  components  proportional  to  the  slopes  in  the 
flexible  modes.  If  the  response  in  the  flexible  modes  is  essentially 
static,  as  is  assumed  in  calculating  the  gains  required,  the  slopes  in  the 
flexible  modes  are  approximately  proportional  to  the  incremental  pitch 
angle.  In  this  case  the  gain  settings  which  will  give  the  required 
effective  gains  may  be  calculated.  The  following  conditions  must  be  met: 

K9  0  -  K,  (D-'6) 

8  -  K4  4^  (J>-37) 
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where 


Kg  »  attitude  gain  setting 
Kq  -  effective  gain  required 
ic^  =  rate  gain  setting 

-  effective  gain  required 

Rewriting  Eqns.  (D-10  and  D-ll) 

“s  ■  ’e  '^lA  '*1  *  4^a  ‘•2 


4>Ih  ^  ‘t>2R  ^2 

Prom  Eqns.  (D-21  and  D-22),  assuming  q^  and  q^  are  proportional  to  q^, 

q^  =  (C  +  D  Kq)  q^  (D-^O) 

q^  -  (G  +  H  K^)  q^  (D-41) 

Substituting  Eqns.  (D-40  and  D-4l)  into  Eqn,  (D-58) 

0g«  q©  +  4>ia  +  D  Kq)  q^  +  (G  +  H  K^)  q^  (D-42) 

Substituting  Eqn.  (D-42)  into  Eqn.  (D-56)  and  simplifying, 


"  ^0  1  +  (c  +  D  Kq)  +  ^ 

Differentiating  and  substituting  Eqns.  (D-40  and  D-4l)  into  Eqn.  (D-59) 


(d-45) 


0 


5.  *  'Pi'p  *  ”  ''fl)  ^0  *  'Pm  (“  *  "  "e)  ’e 


(D-44) 


Substituting  Eqn.  (D-44)  into  Eqn.  (D-37)  and  simplifying, 

1  _ _ 


K* 


H 


1  +  <t>'^  (0  t  D  K,)  *  (G  *  H  K,) 


(D-45) 
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Using  the  gain  settings  K-  and  K*  will  proyide  approximately  the  effective 
gains  desired. 


When  laigs  are  included  in  the  control  system  representation  it  is 
found  that  each  additional  lag  necessitates  an  increase  in  Ki.  It  is 
possible  to  predict  the  increase  necessary  by  the  following  method. 
Consider  the  nonlagged  system  transfer  function. 


?<.  (») 

-  >C,  .  ,  KJ  (D-«) 

Replacing  the  Laplace  operator  with  i  ,  the  frequency  response  function 
is  obtained! 


Kg  +  1“^  K^ 


(d-47) 


The  amplitude  and  phase  angle  may  be  written  as  a  function  of  frequency* 


+  O) 


(D-48) 


-1 

It  is  the  positive  phase  shift,  tan  — - —  ,  which  provides  the  required 

^0 


damping.  In  the  more  complicated  control  system  representation  described 
by  Eqn.  (D-12)  each  of  the  lags  produces  a  negative  phase  shift  which  tends 
to  cancel  the  positive  phase  shift  provided  by  the  (Kg  +  Ki  s)  term  in  the 
numerator*  Therefore,  it  is  necessary  to  increase  K^^imtiji  the  net  positive 
phase  shift  is  equal  to  that  which  is  present  in  the  nonlagged  system.  The 
increase  in  Ki  required  is  of  course  a  function  of  the  frequency.  The 
damped  frequency  desired  for  the  short  period  mode  for  the  boost-glide 
vehicle  of  this  analysis  is  cO^V  1-  ,  This  frequency  is  used  in  the 


calculation  of  the  increase  in  Kx  required.  To  determine  the  new  value  of 
K^,  designated  as  K^'',  equate  the  phase  shift  of  the  nonlagged  control 


systc 


tan 


-1 


to  the  phase  shift  of  the  lagged  system  and  solve  for  Kg'. 


K. 


-  tan"^!^  *^1  " 


tan 


-1  2  To 

0)2-  to  2 


teui 


-1 


cOKi 


(D-49) 


The  left  hand  side  of  Bqn.  (D-49)  represents  the  phase  shift  of  the  lagged 
system;  the  term  on  the  right  hdnd  side  is  the  i^se  shift  of  the  nonlaigged 
system*  Havix^  the  effective  gain  required  for  the  lagged  system,  1^',  the 
gain  setting  Kg^  is  found  by  applying  Bqn.  (l>-45). 

The  gain  settings  predicted  "by  the  methods  described  in  the  preceding 
paragraphs  agreed  quite  well  with  the  settings  determined  by  trial  and  error 
on  the  analog.  Given  the  desired  pitch  frequency  and  damping,  the  methods 
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described  can  be  used  to  select  gain  settings  for  use  in  a  digital  solution 
where  the  determination  of  gain  settings  by  trial  and  error  would  be 
uneconomical. 
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APPENDIX  E 


A  SIMPLIFIED  SOLUTION  TO  THE  WIND  SHEAR  PROBLEM 


A  simplified  method  of  obtaining  wind  shear  bending  loads  for  a 
boost-glide  vehicle  which  is  subjected  to  a  typical  design  wind  profile 
such  as  the  revised  Sissenwine  ifo  wind  shear  profile  (Pig.  IV-2)  is  pre¬ 
sented  herein.  The  method  utilizes  an  assumed  typical  first  bending  mode 
and  the  assumption  that  the  aerodynamic  lift  acts  only  on  the  glider  and 
is  concentrated  at  the  centroid  of  the  glider  area.  Topical  first  bend¬ 
ing  modes  for  liquid  and  solid  propellant  vehicles  are  shown  in  Pig.  E-l. 
First  bending  mode  frequency  as  a  function  of  weight  and  ^nenesa  ratio 
is  plotted  in  Fig.  E-2.  The  configuration  parameter,  K  w''®(l/d)*^  for  a 
particular  vehicle  is  calculated  using  the  weight  of  the  booster  at 
maximum  q/v.  The  center  of  gravity  is  calculated  at  maximum  q/v  and  is 
assumed  to  remain  fixed  in  the  vehicle  throughout  the  fli^t.  A  simple 
control  system  is  used  in  which  gains  are  calculated  to  give  a  pitch 
frequency  of  .5  cps  and  a  damping  ratio  of  .6  critical. 

The  first  part  of  the  method  employs  a  hand  solution  by  which  the 
loads  due  to  the  slow. time-varying  portion  of  the  wind  profile  are  found. 
For  this  part  of  the ■ solution  the  vehicle  can  be  considered  to  be  a  rigid 
body  which  is  free  to  translate  and  pitch.  The  equations  of  motion  re¬ 
ferred  to  wind  tunnel  axes  (see  Appendix  D)  can  be  written  in  the  formi 


m  ■ 

«  m 

• 

(  1 

r 

M  0 

1 

®11  °12 
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0  I 
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V  sin  y 
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:  Total  mass 

X  Pitching  moment  of  inertia 
j  ’  I  matrices  of  coefficients 

:  Overall  length  of  the  vehicle 
I  Wind  velocity 

:  Inclination  of  vehicle  from  horizontal 
t  Normal  translation  coordinate 
t  Pertuxtation  pitch  angle 


L 

V 

y 


WADD  ra  60-518 


197 


(E-l) 


The 


control  forces  are  embedded  in  Eqn.  (E-1)  as  functions  of  and 


It  is  assumed  that  over  small  time  intervals  the  coefficients  in  Eqn. 
(E-1)  can  be  considered  constants  and  siny^  cam  be  approximated  by 

linear  functions  of  time.  It  is  also  assumed  that  »  0.  Under 

these  assumptions,  a  Laplace  Transform  solution  of  the  equations  of  motion 
for  conditions  at  the  end  of  a  time  interval  t^^  yields. 


e  -(§  -  Kj) 

(E-2) 

-‘<■([''1  -  V**)] 

(E-3) 

1  • 

^2 

i  .  *'22 

°11  ■‘^12  °21 

M  k, 


22 


V  sin 

w 


Ki  .  K2  t 


The  process  is  repeated  for  a  number  of  time  intervals  until  conditions 
at  the  altitude  of  the  spike  are  obtained.  Five  such  intervals  are  usually 
sufficient.  The  loads  due  to  the  slow  time-varying  portion  of  the  wind 
profile  can  be  calculated  from  the  above  responses. 

Loads  due  to  the  wind  spike  alone  are  calculated  by  solving  the  constant 
coefficient  equations  of  motion  and  loads  equations  calculated  at  maximum  q/v. 
For  this  part  of  the  solution,  a  flexible  vehicle  is  considered  which  is  free 
to  translate,  pitch,  eind  bend  in  its  first  mode  shape. 

The  total  responses  auid  loads  in  the  vicinity  of  the  wind  spike  can  be 
found  by  adding  the  responses  and  loads  due  to  the  slow  time-varying  portion 
of  the  wind  profile  to  those  found  due  to  the  wind  spike  alone. 

The  use  of  the  above  method  permits  a  very  rapid  determination  of  wind 
shear  loads,  since  no  time  is  required  for  calculating  modes  or  aerodynamic 
load  distributions.  The  results  in  the  cases  tested  are  considered  suffi¬ 
ciently  accurate  for  preliminary  design  purposes.  A  comparison  of  bending 
moment  diagrams  calculated  by  the  simplified  method  and  by  a  three  degree  of 
freedom  digital  solution  of  the  eqviations  with  time  varying  coefficients  is 
shown  in  Fig.  E-3. 
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First  Bending  Mode  Frequency,  cps 


L  ■  Length  W  »  Booster  Weight 

B  >  Maximum  Biameter  K  >  Constant  «  .0 


FIG.  B-2  FIRST  BENDING  MODE  FREQUENCY 

AS  A  FUNCTION  OF  WEIGHT  AND  FINENESS  RATIO 
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Normalized  Lengrth,  X/l 

PIG.  E-5  COMPARISON  OF  MAXIMUM  BENDING  MOMENTS- 
SIMPLIPIED  METHOD  WITH  3  lEGREE  OF  FREEDOM 
DIGITAL  SOLUTION 


APPENDIX  P 


DRAG  RESPONSE  TO  CONTINUOUS  RANDOM  TURBULENCE 


This  Appendix  describes  the  criteria  used  to  detezmine  the  drag  response 
of  the  rehiele  to  continuous  random  tiirbulence.  Althou^  the  purpose  of  this 
study  was  not  to  establish  environmental  criteria,  it  must  be  recognized  that 
rational  criteria  should  specify  both  the  environment  to  be  used  and  the 
method  of  axialysis  to  be  employed.  In  the  area  of  ground  wind  response  it  is 
felt  that  criteria  have  not  been  well  defined,  and  it  is  not  possible  to 
evaluate  dynamic  response  effects  without  further  describing  the  nature  of  the 
ground  wind. 

In  specifying  a  design  ground  wind,  one  must  be  concerned  with  both 
magnitude  and  shape  or  frequency  content  of  the  wind.  Design  winds  in  the 
past  (05)  have  usually  been  specified  to  consist  of  a  steady  wind  velocity  plus 
a  gust  increment  which  is  30^  of*  the  steady  wind  velocity.  However  the 
specifications  have  not  indicated  whether  the  gust  increment  is  to  be  a  step, 
ramp,  tent,  or  one-minus-cosine  shaped  gust.  Actually  the  gust  increment  has 
probably  been  selected  from  meteorological  measurements  of  gust  factors 
(defined  as  the  peak  wind  speed  in  a  five  minute  period  divided  by  the  mean 
speed  in  that  period)  which  has  often  been  measured  to  be  approximately  I.5  (66). 
Therefore,  rather  than  choosing  an  arbitrary  gust  shape  smd  gradient  as  has 
been  formerly  done,  power  spectral  techniques  will  be  used  to  model  the 
meteorological  ground  wind  description, 

1.  GROUND  VIND  MODEL 


The  design  wind  description  should  be  influenced  both  by  the  large  quantity 
of  meteorological  data  collected  over  the  years  (66)  and  by  the  more  recent 
power  spectral  data  gathered  by  current  investigatofs  (67»  75)*  It  has  been 
shown  that  a  great  deal  of  data  is  needed  to  fix  the  magnitudes  of  gust 
disturbances;  however,  relatively  small  samples  are  sufficient  to  determine 
the  spectral  content  of  the  ground  winds. 

The  magnitudes  are,  therefore,  determined  by  the  large  amount  of  available 
meteorological  data.  The  gust  factor  of  1*5  will  be  used  for  the  present  and 
the  choice  of  6O-9O  or  40-60  m.p.h.  or  some  other  set  of  values  will  depend 
upon  the  particuleur  vehicle  being  studied. 

The  form  of  the  turbulence  to  be  added  to  the  mean  wind  speed  will  be 
taken  from  Reference  67.  Pig.  P-1  shows  a  number  of  measured  power  spectra 
with  the  suggested  spectrum  superimposed  upon  it.  Analytically, 


4>(n.)  = 


Z-LarJ 

Tf 


I 


I  + 


where  L  :  the  scale  of  turbulence  >  1200  feet. 
ft  :  the  reduced  frequent  in  radians/ft. 
0\.  :  standard  deviation  of  turbulence. 


(P-1) 
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By  applying  Taylor's  I^ypotheais,  (85)  the  spatial  spectrum  of  Bqn.(P-l)can 
be  changed  to  a  time  spectrum  by  the  relationship 


CO  -  V  • 


where  cj  t  frequency  in  radians/sec. 

V  :  average  wind  veloci*^ 

The  power  spectrum  in  the  time  domain  will  therefore  be 


0(oj) 


(P-2) 


(F-3) 


The  amplitude  of  the  turbulence  should  be  chosen  to  give  approximately  the 
desired  gust  factor  (I.3  as  per  References  83  and  66). 


2.  RBSPORSE  SIMULATION 


The  response  of  a  vehicle  in  the  launch  position  has  been  described  in 
detail  (Eqns.  1 1 -1  and  II-2)  and  only  the  form  is  given  here.  By  dropping  the 
terms  involving  products  of  response  velocities,  we  have: 

[m]{4]  .  [o](4]  .  [»«"](,]  -  {Kj)  -  [it2]{4)  T  (PJ*) 

It  can  be  seen  that  Eqn.  P-4  is  nonlinear  and  the  classical  power  spectral 
approach  based  on  the  superposition  principle  does  not  appl;.  Nevertheless 
the  power  spectral  description  of  turbulence  still  can  be  used  to  form  the 
input  to  the  nonlinear  problssi.  This  is  accomplished  on  nonlinear  analog 
equipment  as  described  in  Appendix  G. 


3,  HrrSHPREIATIOK  op  STATISTICAL  DATA 

t 

The  problem  of  choosing  a  design  load  from  a  random  load  trace  is  not 
a  simple  one.  At  first  thou^t,  one  might  sxiggest  simply  taking  the  highest 
observed  value.  However,  the  question  of  sampls  length  would  not  be  smsy  to 
detexmine.  Secondly  the  Influence  of  gust  amplitude  must  be  considered  care¬ 
fully.  The  gust  factor  is  generated  from  a  random  signed  and,  therefore,  will 
vary  in  a  range  about  1.3*  The  vehicle  load  associated  with  a  larger  gust 
factor  will  be  too  high  for  design.  In  short,  if  the  absolute  values  of  load 
obtained  are  xised  for  design,  the  inference  would  be  made  that  the  gust 
factors  obtained  from  the  electronic  simulation  are  more  reliable  than  the 
large  amount  of  meteorologioal  data  :dtioh  has  bsen  gathered. 
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In  view  of  the  above  difficulty  the  amalog  simulation  is  used  to 
obtain  dynamic  magnification  factors  rather  than  absolute  values,  this 
method  the  suggested  gust  factor  of  1.3  can  be  used  as  a  basic  part  of  the 
calculation.  The  loads  determination  is  then  summarized  in  Eqn.(F-3). 


■ 

static  Loads 

lynamic 

(P-5) 

Ilynamic  Wind 

s 

Computed  for 

X 

Magnification 

Loads 

Steady  Wind 

Factor 

Plus  Gust 

B  «i 

The  dynamic  magnification  factor  is  found  by  comparing  the  dynamic  loads  as 
obtained  from  the  solution  of  Eqn,(P-4)with  the  static  loads  as  obtained 
from  Eqn.(F-6)« 


(P-6) 


The  comparison  is  made  by  considering  the  distribution  of  maximum  values  of 
both  the  static  and  dynamic  loads.  The  sets  of  maximum  values  are  obtained 
by  dividing  the  random  records  into  a  number  of  small  time  incrments  and 
reading  the  maximum  value  in  each  increment.  The  mean  value  and  variance  of 
each  set  is  then  computed: 

^  (P-7) 


vhere 


1 

N 

<r 


m 

:  maximum  load  in  i  time  Interval 
mean  value  of  meucimum  load 
niunber  of  time  intervals 
:  variance  of  maximum  load  distribution 


(P-8) 


The  comparison  can  now  be  made  by  comparing  mean  values  of  the  maximum  loads 
or  by  comparing  more  extreme  values  of  the  load  distributions.  For  most 
distributions  there  will  probably  be  little  difference  in  the  various 
comparisons.  However  it  appecurs  that  extreme  values  are  of  more  interest  to 
the  designers  and  hence  ''three-sigma"  loads  are  used  in  defining  the 
magnification  factor  as  follows: 


H.M.F. 


^  ^0*)  dvnamlo 

(I  +  3cr)  atatio 


(P-9) 
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Power  Spectral  Density »  ^ 


PIG.  P-1  POWER  SPECTRA  OP  HORIZONTAL 
TURBULENCE  NEAR  GROUND  IN  THE  DIRECTION  OP  THE  MEAN  WIND 
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APPENDIX  G 


COMPUTERS 


The  detexnlnatlon  of  the  dynamic  response  of  a  system  requires  two  basic 
steps  -  (l)  establishing  a  model  of  the  system  and  (2)  obtaining  the  response 
of  the  model.  In  this  study  the  system  is  modeled  analytically  by  sets  of 
mathematical  equations  and  the  responses  are  obtained  as  the  solution  of  the 
equations.  The  mathematical  model  of  vehicle  systems  is  usually  too  complex 
to  be  solved  in  closed  form  or  by  use  of  a  hand  calculator.  Therefore, 
computing  aides  such  as  high  speed  digital  computers  and  analog  computers 
must  be  used.  In  this  appendix  a  discussion  will  be  given  of  the  applicability 
of  digital  computers,  differential  analyzers,  and  direct  analog  computers  in 
the  solution  of  dynamic  response  problems. 

1.  DIGITAL  COMPUTERS 


Digital  computers  are  an  invaluable  tool  in  the  solution  of  dynamics 
problems  because  of  their  ability  to  perfozm  standard  calculations  at  a  high 
rate  of  speed  with  equally  high  accuracy.  However,  time  required  to  program 
a  given  problem  is  generally  long.  Therefore,  digrital  programs  are  most  often 
written  to  solve  standard  types  of  problans  which  arise  repeatedly,  thus 
justifying  the  effort  required  to  write  the  program. 

A  brief  description  of  the  programs  used  in  this  study  is  given  below. 

These  are  programs  which  are  in  general  use  in  dynamics  and  were  not  developed 
under  this  contract.  Special  problems,  such  as  nonlinearities  peculiar  to 
this  study,  arm  better  handled  by  analog  equipment. 

a.  Modes  and  greouenciea  of  Beams 

This  program  calculates  the  first  few  natural  modes  and  frequencies 
of  an  arbitrarily  supported  nonunifonn  beam  on  an  elastic  foundation. 
The  beam  is  assimed  divided  into  pieces;  for  each  piece  the 
stiffhess  matrix  is  calculated.  The  individual  pieces  are  merged 
tcgether  to  obtain  the  stiffhess  matrix  for  the  whole  beam.  The 
support  conditions  are  then  imposed  by  simply  striking  out  appropriate 
rows  and  columns  of  the  stiffness  and  mass  matrices.  The  resulting 
eigenvalue  problem  for  the  frequencies  and  mode  shapes  is  solved  by 
matrix  iteration.  The  generalized  mass  can  be  optionally  calculated 
as  a  check  on  the  orthogonality  of  those  modes  that  have  been 
calculated.  In  theory,  this  should  be  a  diagonal  matrix. 

b.  Structural  Analysis 

This  program  is  intended  to  do  a  complete  structural  analysis  of  a 
general  built-up  structure.  The  program  first  fonas  stiffness 
matrices  for  the  simple  pieces  into  which  the  engineer  chooses  to 
break  up  his  structure.  The  indivi4ual  pieces  aire  put  together  to 
fozia  a  stiffness  matrix  for  the  complete  structure.  Having  the 
stiffness  matrix  the  modes  and  frequencies  are  then  obtained  by 
matrix  iteration. 
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Matrix  Algebra 

This  prograai  is  a  oompllation  of  SHARE  matrix  programs  put  together 
with  a  suitable  control  program.  It  is  able  to  do  almost  any  matrix 
operation,  such  as  add,  multiply,  invert,  transpose,  find  roots, 
partition,  etc.  The  c^culation  of  the  coefficients  for  the  equations 
of  motion  was  accomplished  by  this  program. 

Solution  of  Simultaneous  Linear  Differential  Equations 

This  program  solves  the  system  of  ordinary  differential  equations 
shown  below  for  the  unknown  vector  fq(t)|  t 

[M](*q}  +  [c](q)  +  [K][q)  -  (o<]  f(t),  (G-l) 

with  initial  conditions  (q)  |  “  ( ‘lo)  »  (  ^}  |  t-0  "  (iol 

where  (  m]  [  c]  [  k]  (otj  are  matrices  whose  elements  are  arbitrary 
f\inction  of  time,  ^  columns  of  constants,  and 


are  columns  of  constants,  and 


the  forcing  function  f(t)  is  am  arbitrary  function  of  time.  The 
program  solves  the  equations  vising  a  four  point  Adams-Moulton  predictor 
corrector  numerical  integration  method.  A  modified  Euler  method  is 
used  to  start  the  process  off.  The  program  autcsiatically  adjusts  the 
time  step  at  eaoh  stage  by  keeping  track  of  a  measure  of  the  truncation 
error.  Zf  this  error  gets  too  large,  the  step  size  is  halved;  if  the 
error  gets  too  ssiall,  the  step  size  is  doubled.  Once  bhe  'b 
have  been  obtained,  the  program  will  optionally  calculate  a  linear 
combination  of  the  {qj  ,  ^4}  »  {<l}  bb  shown  belowi 

[*](’}  *  *  ['IW  *  [/3] 

The  elements  of  the  matrices  A,  B,  C, /d  are  again  arbitrary  functions 
of  time.  The  reason  for  this  operation  is  that  the  q's  may  represent 
response  of  a  system  to  some'  loading,  and  the  linear  combination  nay 
be  desired  to  calculate  internal  loads  throtM^out  the  system. 

Power  Sjpectral  Density  Program 


This  program  calculates  the  frequency  response  function  for  a  linear 
constant  coefficient  system  that  can  be  represented  by  the  following 
set  of  equations! 

["iJW  *  Mf’}  *  ["jK’]  *  ["'►]{’  * 

*  g(t)]  -h  {cj  oCg  +  {Cgl^-g  *f(t)-0  (0-2) 
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where 


matrices 


and  Cg 


columns , 


g 


g(t),  f(t) 


forcing  function 

the  Wagner  aind  Kussner  functions  respectively, 


and  where  the  symbol  *  signifies  convolution.  The  program  first 
finds  the|<^'8  iuidthen  uses  these  responses  in  an  equation  similar  to 
(G-2)  to  calculate  loads.  Let  T(ifl)  he  the  frequency  response 
function  of  the  loads.  Finally,  the  program  performs  two  numerical 
integrations . 


U] 


(t>r.r2)dn 

[i  T  f  c  (()^:n.)  dSL 


z'rriA} 


Vx 


where  for  turbulence  studies  (-n.)  is  usually  as  given  below: 


4)  (XL) 


JL 

rr 


+  3  L^-g^ 


0  ) 


L  :  scale  length  of  turbulence 
.XTL.  I  frequency  in  rad/ft. 


Thus  one  obtains  the  R.M.S*  value  of  output  load  and  a  measure  of 
the  number  of  times  the  output  load  exceeds  a  given  value. 


2.  JIFFEREWTIAL  ANALYZERS 

The  differential  analyzer,  commonly  referred  to  as  an  analog  computer,  is 
an  electronic  computer  used  to  solve  differential  equations.  It  is  a  highly 
versatile  computer  well  adapted  to  the  solution  of  dynamic  response  problems. 
Among  its  advantages  are  the  following:  (l)  The  dynamics  engineer  can  establish 
his  own  circuit  analogy  with  little  or  no  help  from  electronics  or  mathematical 
experts,  thus  eliminating  time  delays  and  communication  errors.  (2)  The 
dynamics  engineer  can  observe  the  results  as  they  are  being  obtained  and  thus 
can  make  decisions  as  to  the  best  method  of  varying  parameters.  (3)  Most 
types  of  nonlinear  differential  equations  can  be  solved  with  relative  ease. 


Whereas  the  differential  euialyzers  cannot  compare  with  digital  computers 
in  acouraqy,  they  are  considered  to  be  adequate  for  engineering  work.  In 
modem  electronic  differential  analyzers,  the  individual  elements  are  accurate 
to  within  approximately  .01^  A  single  differential  equation  can  be  expected 
to  have  no  more  than  .1^  error.  With  larger  systems  or  in  systems  involving 
differences  of  large  numbers,  the  accuracy  would  of  coxirse  be  less.  Non- 
linearities  may  introduce  more  inaccuracies,  especially  when  unusual  functions 
need  to  be  generated. 
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«.  Basic  Analog:  Elements 


The  basic  analog  elements  used  in  the  solution  of  the  dynamic 
equations  in  this  report  will  now  be  described.  The  solutions 
of  all  the  equations  are  represented  by  voltages  at  various 
points  in  the  circuit. 

High  Gain  Amplifier 


e, 


-Ac, 

WHCRC  A  »  I 


Summing  Amplifier 


) 


Integrating  Amplifier 
C 


Potentiometer 


e. 


ke, 
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Function  Generator 


In  this  section,  representative  circuits  will  be  presented  which 
will  demonstrate  to  the  reader  the  method  of  analog  application. 
This  will  be  done  for  general  cases,  and  such  details  as  scaling 
the  variables  will  not  be  included.  It  is  sufficient  to  say  that 
if  the  problem  is  scaled  properly,  the  voltages  on  the  amplifiers 
will  be  as  large  as  possible  but  less  than  the  overload  voltage. 
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Linear  Differential  Eouationa 


Systems  of  second  order  differential  equations  form  the  foundations 
of  most  dynamics  studies.  A  typical  wind  shear  problem  with  a  two 
degree  of  freedom  system  and  a  simplified  control  system  will  be 
used  for  demonstration.  Because  analogs  integrate  much  better  than 
they  differentiate,  the  equations  are  first  solved  for  the  highest 
order  derivatives. 


Function 

Generator 
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Control  system  simulation 


The  control  system  representation  used  in  this  study  can  be 
represented  by  the  following  transfer  function: 


The  wiring  diagram  for  the  preceding  equation  is  as  follows. 
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Limiting  circuits 


For  some  applications,  particularly  in  control  system  design, 
certain  variables  have  physical  limits,  A  circuit  for  simu¬ 
lating  this  effect  is  shown  below. 


5M 


e  =  a 
o 


e 

o 


e. 

1 


e  =  -b 
o 


a  <  e. 

1 

-b  <  e^  <  a 

e.  <  -b 
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Ground  Wind  Drag  Simulation 


The  ground  wind  drag  problem  adds  certain  nonlinearities  to  the 
system  and  requires  the  generation  of  a  random  gust  signal.  This 
illustration  shows  how  static  and  dynamic  responses  are  obtained, 
although  the  actual  study  compared  loads  rather  than  responses. 
The  basic  equations  are  given  below. 

]DynaLmics  q  +  2ycuq  +a>^q  «= 

2  2 

Static:  ^  q  * 

where  V  - 

and  V  ,  is  characterized  by  its  power  spectrum 
random 


Z2h 
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Oleo-tmeumatic  atrut  simulation 


The  oleo-pneumatic  gear  has  a  nonlinear  airspring  and  hydraulic  damping 
coefficient; 


Fg  =  +  c^ix)  \k\  'x 


This  equation  may  be  represented  as  shown  below. 


a5 
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Plastic  -  elastic  yield  strap 


The  plastic  -  elastic  yield  strap  force  is  a  function  of  spring  constant, 
k,  load-deformation  f\mction,  f(y),  and  previous  displacement  .time-history: 


r  0 

Pi  -  < 

j 

f 

-  k  (y 

'max 

'  f 

where 

Ts 

t 

t: 

present  instant. 

f  (y  ) 
y  e:  y  -  '•'max' 

*'  ’’  max  - ; — 


f  (y  ) 

•'max  — - ~  •'max 


y  “  y, 


max 


This  system  may  be  simulated  using  the  circuit  below. 


The  voltage  at  (a) 
The  voltage  at  (b) 
The  voltage  at  (c) 


represents;  -  f 

represents:  -  f  (y  )  +  k  (y  -y) 

^  •^max'  '•'max  •'  ' 

represents  the  largest,  algebraically,  of  (a)  or  (b). 


The  voltage  at  (d)  is  always  positive  or  zero  since  it  is  assumed 
that  compression  of  the  yield  strap  gives.no  negative  force. 
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5.  DIRECT  ANALOGY  COMPUTERS 


A  third  type  of  computer—the  direct  analogy  computer— will  also  be 
described  although  it  was  not  used  in  this  research  study.  In  this  approach 
a  mathematical  model  is  not  established.  Rather  the  physical  system  (masses, 
springs,  dampers,  forces,  motions)  are  represented  by  analogous  electrical 
variables  such  as  inductances,  capacitors,  resistors,  currents,  and  voltages. 

The  major  use  of  direct  analog  computers  is  in  the  analysis  of  passive 
distributed  parameter  systems  such  as  elastic  stnictures.  When  a  problem  of 
this  type  is  to  be  analyzed,  a  linear  lumped-parsuneter  idealization  of  the 
original  system  is  designed.  This  idealized  system  is  such  that  it  can  then 
be  simulated  exactly  by  a  passive  lumped-parameter  electrical  circuit.  It 
ean  be  shown  that  in  most  cases  direct  analogies  can  be  constructed  directly 
from  the  idealized  structure  without  the  necessity  of  writing  equations. 

There  are  many  problems  where  passive  and  active  auialog  equipment  are 
used  in  conjunction.  The  most-  common  examples  are  the  analyses  of  elastic 
airfoil  motions  caused  by  aerodynamic  forces  which  are  dependent  on  the  air¬ 
foil  motion.  In  such  an  analysis  the  aircraft  structure  is  simulated  by 
passive  analog  elements  and  the  aerodynamic  forces  are  simulated  by  operation¬ 
al  amplifiers. 

Once  the  computer  is  wired  according  to  the  appropriate  analog  circuit, 
the  computer  can  be  regarded  as  an  electrical  model  of  the  system.  Parameter 
variations  can  be  easily  made  and  a  variety  of  excitations  csui  be  applied. 

The  response  at  any  point  of  the  system  can  be  measured  by  metering  the  cor¬ 
responding  point  in  the  circuit,  A  consequence,  however,  of  using  a  physical 
system  (analog)  to  describe  another  is  that  the  results  must  be  regarded  in 
the  same  manner  as  test  data,  rather  than  mathematical.  Computer  errors 
other  than  those  introduced  by  idealizing  the  problem  are  caused  by  lack  of 
perfection  of  the  computer  elements  and  by  the  metering  circuit  which  disturbs 
the  thing  it  measures.  The  extent  to  which  errors  of  this  type  can  be  mini¬ 
mized  depends  on  the  nature  of  the  problem  and  the  skill  with  which  it  is 
programmed. 
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(Contract  AF  35(6l6)-6597)  Unclassified  report 

An  analytical  study  program  has  been  conducted  in 
order  to  determine  dynamic  load  conditions  and 
governing  parameters  for  the  fli^t  of  advanced 
vehicles;  and  an  assessment  of  the  adequacy  and  the 
applicability  of  existing  dynamic  loads  predictions 
methods  has  been  made. 

A  typical  two  stage  liquid  fuel  boost-glide  con¬ 
figuration  is  assumed  for  the  study,  thus  allowing 
for  the  interaction  of  such  variables  as  fuel  slosh, 
structural  flexibility,  aerodynamic  forces  and 
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control  system  forces.  The  report  is  divided  into 
sections  which  discuss  dynamic  loads  in  the  follow¬ 
ing  areas:  pre-launch,  launch,  boosted  flight, 
staging,  re-entiy  and  landing  or  recovery.  Includ¬ 
ed  in  the  Appendices  are  discussions  of  modal  de¬ 
termination,  simplified  methods  of  analysis, 
computational  techniques,  and  ground  wind  criteria. 
Also  included  is  a  development  of  flight  equat’ons 
of  motion  and  an  extensive  bibliography  of  reference 
material. 


UNCLASSIFIED 


UNCLASSIFIED 


UNCLASSIFIED 


